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Preface

This Solutions Manual presents ;blutions to all unsolved B-problems
of the text. For some problems, solutions presented in this book
may include more materlals than are required in problem statements “
to aid the user of this book.

In using B-problems as home work assignments, 1t is recommended

that the instructor suggests the students to study similar or somewhat

* related A-problems before attempting to solve B-problems.

Although an instructor wiil always have an option to omit certain
subjects in the book depending on the course objective, a typical
one semester course "-tha}t has approximately 52--56 lecture hours plus
26--28 recitation hours will be able to cover all or a good part of
this text book.

Katsuhiko Ogata

-
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CHAPTER 2

B-2-1. A
: , )
RE&) . G F& [ —_
Gz~ ﬁ'g;
Ct) : G + G
RE) 1+ (G+G:)(Gs~ Gs)
.B‘2‘2 [ ‘ b
LT G, :
26 > e6)
>~ z i
| Hy .;..H& et
*) [rra . A e
- ! 1+ Ge (Hy—He)
CE) _ _(/1+904Gs
CRE) 1t Ga(H=H2)
B-2-3.
E— W _
% .
=2 % . C6)
> Gy >
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G 6; (6:. ‘*'”f) . C({L
(tGs8)H(Gt#4) B

("(,) _ o 61 6263 + él 6319(1 .
RO) 1+ Golz +G,GH, + Gy HiHz + 6,6, 6, + G,G3H,

- B——2—4 In the following -diagrams, (a) denotes the xmit—sl;eg response and (b) Do

- corresponds to the unit-ramp response.

. ai)}
‘ -
/(a)

6c ¢+ 2 3 ¢ ¢

+;£-)' A -‘g‘%"‘r(’”") = 4 (feds)
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g ¥ & ____p_ g -~ 5
6 s 2 2 4 & & ¢

i) :=k’(l+-7{;+ﬂ.f)=ﬂ-(l+z‘l‘+ltl:) :

B-2-5. When D(s) is zero, the closed-locp transfer function Cr(s)/R(s) is ey

Cels) _ 1 Ge€) GoE)
REY . 11600 Gp6)
When R(s) = 0, the closed—loop transfer function Cp(s)/D(s) is
Co6) _ /

DB 116l Gob)

When both the reference input and disturbance input are present, theontpul:c(s) .

is the sum of Cr(s) and CD(s). Hence

CO=Ceb) + Cof) =7 qc/(:) 6,6)

[GJS) Gpl2 RE) + Dt.%)]

B-2-6, wWhen only the reference input R(s) is present, the output Cr(s) is gﬁen

RE) 11 G,06) 620

For the reference input R(s), the desired cutput is R(s) ferthemty—feedbadt
system such as thé present system. Thus, the error Eg(s) is the difference

i'bet"ween R(s) and the actual output Cp(s). The error Ep(s) is givgn by

. : | Ce65)
) = RE) = Celr) = R&> [ /- o }
6/6) 626’) = / ) ".
- k()[ /= 1+6,6)620 /1G,6)G:69 k()
. Assmingthesysbantobestable. thesteady—stabeerroressg(t)canbegiven
by s Rs)
) = L‘M e = &n—- S'E = ,&,.,.
es’k ft > ol R(t) @ S>p / +4}(’) 43.(5') ’

._3..
WWW.i:[98.ir
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When anly the disturbance input D(s) is present, the output Cp(s) is given by

%8) _ 6.6
D6) I+ G, ()G &)

Since the desired output to the disturbance input D(s) is zero, the error Ep(s) -

can be given by

‘ Ep6) =0~ Cpfs) =— Cp 6)

Hence a
Gels)

I ¥G,) G5

For the stable system, the steady-state -error eggp(t) is given by

Cssp (L =.£¢'~x€ ) = F = "563@ De)..
sp /) o) ﬁg: s €pb) 'Z“;’ A+ G)5)Gals)

steadyqstateermvﬂmboththerefeminputms)anddiswrbancem
D(s) are present is the sum of eggp(t) and eggp(t) and is given by

Epb)=—Cp 6) = — D&

Coslt) = Exp @) + t_?:;p )
\ [ sSPE) £6:.&) D5

—+

s-be

146,69 G0 /tG,6)605)

S0 i f‘f’é{&)é&(’?

—
——

[ #8)- 6.0 ] E

- B-2-7 .. when D(s) = 0, the block diagram of the system can be -simplified as
follows: - -

RE) s, | G & -y R -
/‘f'élézf// - )
H, =
The closed-loop transfer function Cp(s)/R(s) can be given by
64@/ (Zz QJ- . -
Crls) 3 I4+G, G2 #7 _ Ge Gr G2 Gy
RE) I+ Ge @1 Gz G /2 1+ 6,65 Hy+ Gy G2 G3te
/+ éléa. HI

-4
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When R(s) = O, the block diagram of the system shown in Figure 2-34 can be

modified as follow§ ‘ - l P6) | |
—> 6 —l 5, )— 6, |~ 5, <
/
H/ i -é-; —
H, [=

D&) | C6) -
66— =

7 6,; ] 6c//z+-'/f e
Hence v
%6) _ % G, o Gz s
D6) 1+5:G5 G, (6.t +-£2) I1+G1Ge G5 G He + %&f//

B-2-8. There are infinitely many state-space representations for this system
We shall give two of the possible state-space representations.

State-space representation 1: From Figure 2-35, we obtdin

S+ z / .
UE) St | S psiyESsH+E
. /+ Stp s s

which is equivalent to
$+fg +ﬁ+2y-—u+za
Comparing this equation with the standard equation

. 1*4:',(-!-&:3 tazy = b,l(,-:-b,lt -l-é,u-t-b,
we obtain

-

¢I=P’ ‘g:/l 4,,—:2) é‘ga’ b’=4’ 6‘&",, b'—':z

S
wWw.it98.ir
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Define
? fo 4
"‘ﬁ? pé—fu=X~f&
=4 -far :
where
P =be =0

p1= b=, =0 - .
’3 ".'—b'-";‘flﬁ"’ﬂz’ﬁ =-"/ _.

Pa=by—a; fa— 4#,6:— fsﬁ = &-p

B 2 B

. .
‘_’9[1. o o][ﬁ] +’lﬂ,l¢

Also, define

%

wWw.it98.ir

C MM M

I " 86 1 I


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

!*W Olelibl s)qlis (azil
\_ www. 1t3ﬁ ir

/4 g=p XJA >\ V _}_ XZ _.’.. .
) % S+p o . s 1 s |

From this block disgram we get the foﬁowing equations:
VaU-X,+ X

X _ _#-p
0= X, S'+f‘
Xa /

T-x,+Xs 8
X

.Xz -

from which we obtain

%t prs = (-p)u— @,
XL = =Nt tu
=
Bewriting, we have
K =x
‘&—-m+%+u

e (P a—p FCa-pra
W

it 98.

Ww W.

I.‘ » -.0 / o d; o
4 -/ o  /laglt+] 7

%] 172 o —plin] |2
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| %
A : b )
B-29 .
< Frajrajns
- Define
) 2}=g
%=
“Then
2.’,_-!-3-1’34-22';::1(
L =25
-a'r,a-..x.;
or
b4 I { o g, g B
i!r.; ¢ o0 [ljx:]t|oj¥
%] {2 -2 —3)im) |/
' z
1=[7 o o]l=
‘ 2
B-2-10 ,

NS 1
da[a -/]"5=[*]’ £=lr 4

The transfer function G{s) of the system is given by
_ - S+& /7 "{ /
G8)=c(sI-A)'8 =L al[_, w] [/

-8-
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_ / s+/ ~Iit1]
=L el (:1-;:.)(:-1-/)-:-.3[ 3 S+ ;c][/]

’ [ s
= ! -
S 4 S+ [+ a [3‘1"7]
P S )
S2p S5 +7

B-2-11 ,

. Y
The transfer function G(s) of the syStem is given by

- s+ /17 2
Gor=cor-are=0 a0 |2

: { s+ -1 7T2]
= [/ 2] e .
‘ St )(s+)+3 | 3 Sts | |5

_ [ 2] 2s-3 | _ __(25t5?
T siqgsty Y T {sswzy Sris+ &
A MATIAB solution to this problem is given below. '

. 2 : ,
A‘[s i_/] ’ Ez[:]z g‘-"[”z]'

r

it 98.

Ww W.

B=[2,5%

C={1 2}

=g

" | [oom,den] = ss2tRAB,CD) |
om=

0 12 59

 B-2-12

o | o o0 T/ o o
A=|02 ¢ / » B= o ¢ » C= 2 '/

— “n w o .

_:—2 N !/ 0 i
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] Tbetransfernatrixofthesystencanbegivenby .
' -1
s =~/ 174

wr-gea-072=[s 7 S| 5 7

2 5&5-&—6

Is*¥s+4 St6

\ = /6 7 / -Z s*+és
L0 p ) SPHgstres+27

—25 —es-2

. /- / S+t6
T SSpsstees+2 |5 s%e=

/I S+&
. P4 s+ 512 . SEt+ o5 pgs+2
= s - . SR £ .
sttt gs+2 s3+6s+gst2

A MATIAB solution to this problem is given below. -

A=[0 1 0;,0.0 1;2 4 -6} .
B=f0 0;0 L1 0]

C=[1 0. 0,0 1 0}

D=[p 0,0 0}

[oum, den] = ss247A,B,C.D,1)

aand
0 00000 00000 1.0000
0 00000 10000 0.0000
dﬂ:'

1.0000 "6.0000 4.0000 2.0000
faom,den] = s<245AB,CD.2)
=
-0 0.0000 1.0000 6.0000
0 10000 60000 0.0000

den=

10000 60000 4.0000 2.0000|

. -10-
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B-2-13 . Dpefine
Z=x*t Pxg +3y° = f(x:4)
28 X4, (poLYyYs/z

let us choose X = 3 and ¥ = 11. Then

F=T>+ 837 +35> = 9+ 26#+ 363 = 636

We shall obtain a linearized equation for the nonlinear equation near the point
X =3, ¥=11. Expanding the nonlinear equation into a Taylor series about
point x = X, ¥ = ¥ and neglecting the higher-order terms, we obtain

© where ¢ ) :
= =3 =2% 'S - = £+ 88 = ?;‘
Ka2= 2L = 8L 6y ! = = 29+ 48 = 90

% x=Z, ?6? x=2, g =l

Hence the linearized-equation is
Z—§36 = FE(x—3)+ Fo (zr 7,

or

R=F¢X+72y — 634

B-2-14 . Define

?:—"‘0.213:}(1), X=2

¥= S0 =+ x-2)H -

Sincethehigher—ordertermsmthisequationaresuan. neglectingthoseterms.
we obtain .

- f&) = 0~{x"(x—x)

¥-o2x2’ = 0.6 X2* (X-2)

Thus, linear approximation of the given nonlinear equation near the operating
point is

7=zﬁx-&z

~11-
wWw.it98.ir
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CHAPTER 3

B-3-1. - since the same force transmits the shaft, we have

Foby(3=%) =b, (§-2F)+ bs (5~ E) - (1)
where displacement z is defined in the figure below. :
| 5

b

x ¥

p .
In terms of the equivalent viscous friction coefficient, the force f is given by

f=bap (§-%) {2)
From Equatim (1) we have : |
tﬁ 33+'£qg¥ 4'-b3 2 = éq 2:+'bz;7‘*‘193 g[

> (1, b )g] (3)_»
Z = y 1'52 [ z 2T oz | |
By substituting Equation (3‘ into Equation (1), we have )
S A— e Ghatbs)y ] -5
feb(i-2) = {b/‘f'bsz [6:2 )y]

bz+'b3 I » - : . )
= bty (1% | @

Hence, by canpanng Equations (2) and (4), we obtain

b b, bzt bs _ /
=% e ] i
ﬁf »b}*‘b& 3 ézi’kj + éu |
B-3-2.
(a) B zrf_-t—il’-':-‘d—
X6 !

TE)  mst+k

-12_
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(b) Define the displacement of a point between springs kj and k2 as y. Then
the equations of motion for this system become

WX+ Ry (X-y) =2

% =% (x—g)
From the second equation, we have

qr
— %
Then "—. ~1t,-l'ffz
S 1) &Iia. o = U
Xo_ 1
Te® 2 # %e
' i -ﬁf"'*g
B33 " _ . . '
M:}, +5 (7,-&)-!‘-&}, f“/
mﬁ-ig +£I (ﬁ; “ﬂ',)'f'fzyz =4,
=4, 1;57;,‘ =y, L=y
" "hs’; +b/(3’z"z’.) ‘l‘f‘)x; -;-"‘(,
My Xy + by (= )1 B 2, = &

7?, =X
Ay =~ 'nll_,'[b/(l';? Z)+hi %] + 3‘:9;“:

B = . . o

13-
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ar
N, _ e 4 -
% oi’ /& 0 f % o 0
% m wo ° m |l&| | oo [e]
L/ = +
% o o e /% e Oll4] . -
: b _ k4 ~
ilfl o o 7= “'zﬂzJ X e ;é'
Pa
Al |/ ¢ o o X,
Xy
Je =T
where
= -:ziaa"—-‘»:jl.a;.a :
J =mil*
For small 6, R
wl?s = — 2ka*s —myle
o-r v

2ka2 2\ p _-
+ L% "',e)f""

B-3-5. = Note that

For x direction:

Since

:z% ==2254'43244JL¢9‘, ;Q? ==4J?CZEL¢’

"Mx-i-m (x-f-lmﬂ)—a

a*
SRS =~ (a8 b “+(crs) b
sl

wWw.it98.ir
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For rotational motion:

we have .
(Mim) X — mld (a8 )8 +ml (cr8)d =

For small © and small 62, we have
(Mim)X-+md & =« (1)

Jé = wpd in 8 —mx h cnp

J-"‘-Ifﬂll" 5> .2'.-'?.4":'1-£-f
Thus, ; oe
(I-l-m.l‘)o =7;rf14a"-d —mzl e p

For small 8, we have

(1‘+ml’)§'»=3710—m1£ @

* From Equation (23,

& e
I+7# ry

_7&...

. Substituting this last equation into Equation’ (1), we obtain-

(m+m )(36 - I"""‘( §)+mlé =u

or
— (M+M)I+Mn.(= 5 =
(M+m) 96 — 7 =«
Thus,
o sl (Mtm)g 5 — wl | =

o= (M1m )z +imd* (Mim ) T +rmL£*
Also, from Equation (1) we have -

mgls —mlx
I+mls .

(M+m)Z +ml - ‘
| [M1+w(r+ﬁ(=)]f +m L9 8 =ulI+nl?)
from vhich we get ' ' .

15—
wWw.it98.ir
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R i . g 4 —Ttml?
MI -+ (ZT+4L) MI+m(I+ML2)

Equations. (3) and (4) describe the
tlans. system dynamics in terms of differential
By taking the Laplace transform of Equation (3), we obtain

| z_ M»((M'f"ﬂ)j__ . 4
[5 (M-:‘-M)I'I-ﬁnl‘] op = (,q-f-m) I+ Mm["

SR YRS

vs)

{[ MT+m (I-rﬂfl)] s2_ m/(lf-f-m);} A/ =-m/l73)

Hence

96 __ md .
- U [MI+m (z+ mya2)] s* —md f}f-l-m)} ~ »

Bytaking the Laplace transform of Equation (4), we get

%u!ﬁ’
sXB6) =— ad
HTrmiTentD OO

st XE) e mltg ) + I+mE*
TE) MI +m (T+ML?) TTs) MI +m(T+ML 2)

Trml®
MIt m(I+ﬂ£') 7e)

it 98.

Ww W.

XQ ___ mwle  ms
Te) [M.Z'+m(.t+ml‘)j—z [”I-f-m (z-mtz)]s ,,/(/my,

T+ml2

L'hr +w(T+M~A%)] 5=

Bquations (5) and (6) define the inverted pendulum control systemintezmsof
transfer functions.

Ne:d:vesluuobtainasta‘be-spacempreeentati ofﬁ:esystan Def

(6)

and output variables by '
-16-
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y, =£=Z‘i

Ja=X ==s

Then, from the definition of state variables and Equations (3) and (4).
state egquation and output equation can be written as

- aTrar ]
r; r 0 ’ /. 0 0 rx, 0 ,
Cle| Mz 00 NS T rmnsy|,
Xy | o o0 [/l% (/]

.| | m‘l’z . ’ I+mA"
X X |
L MI+:~(I+M.(‘) ¢ ¢ ¢ Wt LaTrmizenad ]
]

% e o o Xz

wl |o o / Oz
"

B-3-6.  fThe equations for the system are
m, X, = 12'/"'511", - k3 (f,‘-xz.)""'“
M‘-*z"‘" —k Zz""bzxz"'/fa (%2~ X,)

- Rewriting, we have -
oA, b A, H kA k3 A, = ks 2-,1.+ u

mo ¥+ bt +he Ta th3 A, = K5 X,

Assuning the zero initial condition and taking the Laplace transform of m
two equations, we obtsin

(21 s>+ &5 -fk/fk.s)X}Gf) £ XD ¥ 1776 BN ¢V
(mzfz'l‘sz'l't‘{- k,)Xz(-f) = é3 XI (S) . (2)

* . By eliminating X3(s) from Equations (1)} and (2), we get

2

Rs

X6)+TU()
MW s b, s+ kot ks

(m)s*+ stk t&s ) X,6) =

-17-
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frioiSio—

Xl[’) Mo St 4 by st hy thy

TG) ~ (ms*t bystki+ks)(mzs® +bz$‘+kz+k5) —ks
From Equaticn (2), we obtain

z(“') - /f_s
Hence XI@) mz.s.&'{' b:_S"f' kz 'f"k.?
Y=6) _ I X8 _ K3
TE) X0 TE) (,,,,5 rhstR ok )(mes -f—bzfrb‘l’ks) '('3
8—3—?, - The equations for the given circuit are as followw:

R +L (%-22)<e

Ro €t _L-f,,,_,[fﬁ- L (- “”’) 0
'éL‘fu_ = &,

r

(e0] .

fo) Taking the Laplace transforms of these three equations, assuming zero initial

- conditions; gives

> RLE+L[sh) —sTs) ]| = E;@ N (1)

; R I() + 'é{?fz@ + 4 [:IQ(SJ—-:L(:)] =0 (,2)
& Le)=£0 @

From Equation (2) we obtain

(R24d5+15) L6) = Ls L&)

or

r: = £Cs” 7 o " | \-
26 LCs:+ RCs+ /[ &) @ _

Substituting Equation (4) into Equation (1), we get

Lcs*™ -
-(j?’ " a LCs*t R s+ /] )L{f)._é.‘{:)

LC(RR)s*+(RRC+L)s+ K,
L s*+ ReCs+ ]
From Equat:.ms (3) and (4), we have _ :
__Ls .
= E

-18-
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From Equations (5) and (6), we obtain

Eb) ' Ls
Eib) LCJ(!?I'f'fz)Sz‘f‘(f/?zC”/'[_)S'f'R/

B-3-8, Equations for the circuit are
- S-r) at + 2, = e
’ [4
- '&z}—j(‘l =L ) #.‘f' Rz ‘t‘z -+ ’E}—z'-fl‘z_atf =g
"24: jt'z# = eo

The Laplace transforms of these three equations, with zero initial conditions,

'Z;j";' [L(—‘) ‘Iz(s‘)]d‘ R T,6) = £E; (.f) (1)
L lro-rw]+raze+7sne=o (2)
5 : : :
| & LB =566 ®
Equation (1) can be rewritten as _
&s[ Lo~ RZe)] = L&~ 16D (4)
Equation (4) gives the block diagram shown in Figure (a). Equation (2) can be
modified to . _ _
L) = 2 ! [z60- 1.7 :
) = kzdz}f‘f‘/ s / : () }

Equation (5) ylelds the block diagram shown in Figure (b). Also, Equation (3)

gives the block diagram shown in Figure (c). Cambining the block diagrams of
Figures (a), (b), and (c), 've obtain Figure (d). This block diagram can be
succesively modified as shown in Figures (e) through (h). 'In this way, we can
obtain the transfer function Eo(s)/Ei(s) of the given circuit. . A

-19-
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’ - Ep(s) Li5) - 1L (5)
I
. I8-Le L.6) 7
(by 2l | G~ z 24) [T] &
- s \Faswl (e) las >
é;.( I6)-L
_ E,f5)
@ 2 s | TG (R8T 5
' : C@S Gs | R G54/ | ’Ic;r
{5 -&-
(e) Cas g §o(’)
} R‘S}g*’ Ces e
s
G
(r) E6) s bl L. e | [ &)
! Gl | 1RCser | las -~
Gs
& —
E o
(@) o) p ey I &)
LA ReGpst/
K Coo e
() L g 7 , £l
' RiG Rz G5 + (RO +ReCe  ReCe)SH] g
- -20-
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B39.  Impedance 7, is

/ ' o o e
- . “=ktes o “a_'?'_:'f‘:izé
- .Impedance 2 is Z, A |
Z ""R +"-I"'" : " .!z‘z.ea»'
. 2= RaT A ) . !i’ 5
‘Hence : - o— -
; l
Eo __z _ Rl
El'&) - _zl ‘I“Zz - !
. R+C ‘f'kz‘i‘ Czs
fz&: +/

—.

(/"/Cz+&cz):+ |+ £& S |
If we change R; to by, Ry to by, C; to 1/k;, Cz to 1/ky, then we obtain
R:Cz s+ | _ bk s+ / |
(Rit+R2) Ce 5 -t-/-f'-f,f - (brtba) 4 s +,+.§:

..&2.@.,_. b5 +7y . bas +ks

Theanalogonsmechanicals’ystemisisﬁnwnhelov.

..21_
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© B-3-10. r._z.'%._.l
- R ' Z’
ZI =f’ -+ ._L_ ra—_-k { LRZ ]
: -—
AJ - -
_— =y
Then ; ‘ .. e, T B o &
Ei@..‘) = (k' + 'E'!;) 167 s : = ”

Els) =— Ro I6)

Hence .
Ea(s) — . kz Rz Cs
Ex(s) R+ ™ Rest/

- oum aw - - .
- e - —— - - o 15 o " T o~

- » B-8-11.  Define the voltage at point A as ex. Then

8 .

E k) _ R _ _KRces
o Ecty 'c";’ + R, - '?IC’+{
= Define the voltage at point B as eg. Then
- | 56) = —o &)
> , 2 C) = ——— E.(5
> Noting that Bt Rs
= [&r@-es)] K = 6

and K 1, we must have
Exl) = EgGD

RiCs : N
[5)—- mE(;} -Eé(f')‘ R -I-E’ E.6)

from which we obtain

Eoﬁ') _ F?.'l'?a j;?;é‘.s (/+ ): .
l?"&) ; Rg Rcs+i - g.l,ELé.
C-22-7
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B-3-12 <. For the op-amp circuit shown to . 7
the right, we have 1 %
Zl
I .
EA_ -’Eg =Z¥. Ig : ‘-LFZ—?} d 5
: — Z t
Eg —0 =237, ' —ITEI,,B
Eg = Eg : e Z3 : €
Hence '
2, I, +€, = Zs3 I/ ° 4 ’
or B ,
122—5(23 II"'-Ea) (1)“
Also, ’ |
E—Fo =(Z2+Z )1, : (2)
E; = (g,+23)1I, N (3)

By substituting Equation (1) into Equation (2), we obtain
E: ~Eo = (Z:+2,) 4= (2 I, ~ Eo)
By substituting Equation (3) into this last equation, we get

(z+B)L 6, =(B+/)nL - (£ 1)

or
Zz . Z27Z3
At 2ian = (Z+ - -7 )1
(/ z"‘ /) Eo ( { Z.’“ 74 3) { .
~2& =(Z1Z -2.23) 1, @
From Equations (3) and (4), we have
. 22482, ) :
E__TURE  _ an-nn
& Z, + Z3 Z)Ze +2. 25

For the current op~amp circuit, we have

Zl‘z‘zj}-, Z'a"—;?l.’ 23=k1, Zfsk/ .

Hence
' {
56) RF-77R Re—-ZL  Rmes—y
—
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. B-3-13. pefine the current in the armature circuit to be iy.- - Then, we have . . .

ldt +Réq + Ky :,i’." =&

or

(A SFRITL ) + Ks @u(s) = £2(9 = () |

ﬁxezeKbisthebackemfconstantofthémotor. We also have A
 Tnb, T =Th=Kk4, (2)
- |
=g 7 =
L E =T

where K is the motor torgue constant and i, isthearnaturecurxent Bquation

- {2) can be rewritten as

(J'., +an}.)& =2Kia

or
(Tm+2*T.) 52 O = nk 1.6) @
By substituting Equation (3) into Equation (1), we obtain ' .

(LS"'R) (J;v'f'ﬁ JL)S @,)_’_K‘S__Q Egé‘)

nK

[(LS +R)(J;,+ﬂz J.L)sz'!“KKb 5]@6") = ”KEE["')

Hence

D . _ nK
Ei6)  S[(Ls+R)(T+n T )5 +KK,)

- _2,; .
wWw.it98.ir
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CHAPTER 4

B-4-1. For this system A
T Ctnm-adt, Hesr, carm =(m

(L)'waut = ~0.00 sV At

Whatf = - voos T
Assunethattheheadmvesdamfrannémtoxfortheﬁosecpe:iod. Then

L 51//‘5'4///_ =— a.w;--,g-iﬂdz‘
2 -

2 or )
- 2 (25- 2%) m-oorr324(60-0)
: wE —quemwass) =—2.0836

XE = 565684 -2.74 86 = 3.5082Y

Taking logarithm of both sides of this last equation, we obtain

'Tftudﬁﬁv:r'=“gﬁbzix‘7’5h24“

X = /-16‘2?4:1,

B-4-2. . Figure (2) shown is a block diagram of the given system when changes in
the variables are small. Since the set point of the controller is fixed, r = 0.
(Note that r is the change in the set point.) To investigate the response of the
level of the second tank subjected to a unit-step disturbance input qg, we find it
 convenient to modify the block diagram of Figure (a) to the one shown in Figure»(b).

25
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_B-4-3. Note that

W, 1t3ﬁ ir
34 Re - .
Falast] : . A
_ %4 ) : z
Y=0 L K % 2 cf:ﬂ I
= { o Rz ‘ 4 2 -2
. k [~ Ries+] |~ |RuCsH @ =
_ 3 z
(R, 6541 Y R G 541)

(D)

(«)

The transfer function between Hp{(s) and %’s)' can be obtained as
Aa6) Re (RiCis+/()
o D (k:C',s'—f-/)(sz‘zs-f/)—l-Kkz
From this equation, the response H 2(s) to the disturbance input Qz(s) can be
obtained. For the unit-step dlsturbance input Q4(s), we obtain

hyfos) = ,Z% SHuls) = B2
/TR
Kz
T HKRs
The system exhibits offset in the response o a unit-sf;ep disturbance mput

or

steady-state error =

Cdf,--idt'
wheteqistheflowratethroughthevalveandisgivenby
g=tR

L/ _______;.—z
- C o R

Hence

from which we obtain

Be) ___/ -
o~ Res+/( :

For the bellows and spring, we have the following equation:
Ap, = kx
The transfer function X(s)/Pi(s) is then given by

X0 _ X A6 _ A /
Bel Pl BB~ R RCst/
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e

) - B6)

) [Z

a-tb

Y6) A
=2 {ET

Tn this block diagram, Z(s) is the Laplace transform of the small displacement
of the diaphragm of the pneumatic relay. The transfer function Pn(s)/E(s)

is given by ,

5') b K &3 =k

EG) ath a_ A " br
/+K’ 2 a+b A

The c:antroi action of this com;rouer is proportionai.. Thus, the ccntroner )

is a proporb:lonal cantmuer.

~ B-4-5, ,Definetheé;‘easureofairin~ttehellowsas§'c+po. Then

c‘%’o‘-"‘j# p) ' f"'—:-&'}:&

/ iy &"'Po.
o=

ReLerp=f - w

DefinetheareaofheumaslandthedisplamtofthebenmasY+y. o

Then, noting that p,A = ky, Equation (1) becomes as

I xS
kc—“ +:-—-—-—-A

A
w _ R
=6 RCs +/

~27-
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A block diagram for this system is shown below.

Ee X&) Bl RE) -
2 - az'b | Ki B K -

~ &) Ak
a+pb rCs +/

el b . K&K
&) T oath I+ & q ALk
' &K Aath RCs+)]

Assume that K3jK 3> 1. Then

RG) _ b _a¥b Rls+ _ r bk
E6) = a+tb a4 A = (za)Res+0.

Thus, the control action is proportional—plus—derivatiﬁre.'- The controller is
a proportional-plus-derivative controller. - .

Ba6.
s, ’ XG) 26¢)
& i ai.l,. ' K’ - K
A
el n
a__ ]
a+b
% A/
k Res+!
RE) _ &
E(s) ~ a+b KKa ( ) -
a+b £ é P(S'i-}

If KK 1, then

76) __ b KiK
)~ atb xka A _RCs ( )(/+ RCS

atb K RCs+

The controller is a proportional-plus-integral controller.

_28_
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E@) 5 X6) RE) .

B Ay B Va K ~ K
f_a | % R A { ‘J
. i a+ b i P RiC, S +{
£
R2CaS+/
RE) b . kK

Atb & RCistl Ro,s+)

If KjK 1, then

- R6) __» /
. | E6)  a+b _4__ A _Relzs ]
o atb R RCas+l Res+]
;_ \ aA /k R:0, s )(I,C’,si-/)
2 bk /
= - aA (/-,- chz S)(R'Cls-‘bl)

_ A / .

= /+ ==L '

( ;e,_cz W A +&C 5)

Thus, the control action is proportional-plus—mtegral—plus—denvative. The
controller is a PID com:roller. _ .

__B48..  Referring to the figufe shown on the next page, we can obtain the
equations for the system. -

wWw.it98.ir
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For the diaphragm and spring assembly,

For the jet pipe,

" For the plilot valve,

Adx = kE

26 A¢
X6 .k

‘{Z:_, & . K«
af Af’fz' Affz

Y6 _ ke
e Ap fo s

A simplified block diagram for the system is shown helow

X&)

RSB

2 260 [ oo | & | Y& _
k| ALs | ApLas |

‘From this block diagra)’n .we obtain

30-
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) Y9 U8 z) __k Ks Ad _ 'y
XD~ U020 X&) Aps ApS k £

where
kz K/ /41

_B-49.  Define displacements e, x, and y as shown in the figure below.

©

o

;- From this figure we can construct a block diagram as shown below.

= o6) £ Xe) Yes)
8 K ..

= —>11 ath _"@ 1S v

L =

Lath

From the bilock diagram we obtain the transfer function Y(s)/&(s) as follows:

b K _
Y& _ L 275 s . flb  atb s g
\ -" a )

@) 4+ Kk _a " oa+b a
5 atb

We see that the piston displacement -y is proportional to the deflection angle &
of the control lever. Also, from the system diagram we see that for each .
value of y, there is a corresponding value of angle g. Therefore, for each
angle @ of the control-lever, there is a corresponding steady-state elevator

angle 4. :

-31-
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B4-10. Since the increase of water in the tank during dt seconds is equal to
the net inflow to the tank during the same dt seconds, we have

Ceh=(f +ga—g.)dt W
where
h
%o =R
For the feedback lever mechanism, we have ﬂ
- 4
X = a+b A
Equation (1) can now be written as follows:
olh ‘
C;ZF"Z‘;*??.«~Z’,=—- vy-t-;',,-—,é— @)

Note that

4 =

By substituting the given numerical values into Equations (2) and (3), we obtain

db

A
;,%—=/,

Taking the Laplace transforms of the preceding two equations, assuming zero
mitlal conditions, we obtain

25 HE) =~ YE) + Qi (s) — 2HE)
SYE) = HE)
By eliminating Y(s) from the last two equations, we get
253p() = =HE) + SRa6) ~ 25 HE)

Hence
(2s*+25+/)HE) = 5 Qa(s)

from which we get .

HE) 5

Qub) T 252+ 25+ /

B-4-11. For the system

BA=fkcx-2)

whereAistheareaofthebellowsandzisthedlsplacenentofthelowerend
of the spring. Also,

32
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y=k x4 , y=-2
Thus
Y5 =5 xm . Y =—Z6)
Hence ‘
APG) = k [XB)~26)] = k[ X6) + Y] = k(1+E)x6)
Therefore,
Y _KXB KA _ KA
56) § Zb) Sé(/f—f—) E(s+K)
B-4-12. Define
8g = ambient temperature
61 = temperature of thermocouple

_ 82 = temperature of thermal well
o = thermal resistance of thermocouple
o Rz-themlreszstanceofthernalwell
= Cy = thermal capacitance of thermocouple
. C2 = thermal capacitance of thermal well
é hlslfxeatinputratetothermocouple
= ho = heat input rate to thermal well
=

Then, the equations for the system can be written as
Cadb = (42— At)df )
where hy = (62 - 81)/Ry and hy = (8g - €2)/Rp. Thus we have

46
KI £ di"

C, d’; ao-ﬂg_ - &8“"&1
: Ra R,
By eliminating 6 from the lasttwoequations. we cobtain

Of) _ l _
@)  RICRC S+ (RGH+RCo T R2E)S +/

+&, =6,

Noting that
g
wWw.it98.ir
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R1C; = time constant of thermocouple = 2 secC
RyCy = time constant of thermal well = 30 sec
we have

Ryl = RaCy S =30 - = £ sec
Hence the denominator of ©;(s)/8,(s) becomes as
RiCGRCo S5+ (RC+Re Co 8 C ) s+

= st + 385 +/ = (rés/s+ 1) (38355+)
Thus, the time constants of the system are

T; = 1.651 sec, Ty = 36.35 sec

-
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CHAPTER 5

B-5-1. ‘Pime constant = 0.25 min. The steady-state error is 2.5 degrees. .

B-5-2, Rise time = 2.42 sec

Peak time = 3.63 sec
Maximmm overshoot = 0.163
Settling time = 8 sec (2% criterion)

B-5-3. The maximum overshoot of 5% corresponds to § = 0.69. Hence

:.:--2—'-:.-- 2 __ 2. p2ad/Sec
Yn=—g-= =27 /

B—5-4; Wlm&emssm:ssetintomtimbyaunit—imlsefome:thesystm”

equatmn becomes
M R = I

Defineanotherimlseforcetostopthemtimasasu T), vhere A is the
undetermined magnitude of the impulse force and t = T is the undetermined ins-
tant that this impulse is to be given to the system. 'Bm.theeqmtimfor
the system when the two impulse forces are given is

mthx =80 + AFE-T) , K(e)=0, X)) =0
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The ILaplace transform of this last equation gives

(ns*+8) X =7+ A =7
: Solving for X(s), -
| X = — / Ae

—e, =}
ms*+§ ms*+& .
. ST
~ { ‘% 44 ,/ﬁ- e
VEn s L R im s £
ﬁ m . M,
The inverse Laplace transform of X(s) is

xtt)= g a, [E e + fﬁé_m_ [ 4 & ¢¢-7) 1¢¢-7)

If the motion of the mass m is to be stopped at t = T, then x(t) must be iden— .
tically zero for t B T. ’ (+) )

Notice that x(t) can be made identically zero for t > T if we choose .

e 3w &T '
A=, T=——— TR s TSI, e s e

" TGS, the motion of the mass m can be stopped by another impulse force, such as -

F-gr ), S(+FE), S(-FE).

B-5-5. For a unit-impulse input

- e =-teF+2e t (¢za)
For a unit-step input ‘ . _
C@)= /+te"~e™ (£zo)

-36- .
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" B-58.
X = e T4t _ / — S
Xe @ SwnltitT) | goswar = ©
b e >k 0T - ,
- Xz { "
toyariﬁmicdecrement..jhxz == ﬁ—lj”xn
=5 T = Son S
o 2z
Y73z
- Z’iil }an ::? — -—55352:—. - ‘5
- - =T
o Then
- £T°5% = A%(/~57)
: o,.. e
2 52 4=
g ‘ | 4t 4+ A*
Thms B
P

mz

GeE)
/47(2.;.(”_/)( )
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_B5-7. For the system shown in Figure 5-74(b), we have —

- C6) ‘,____ o .
RG) S2 (1+0 K, Vs + /0

Noting that 2 ¥@/y = 1 + 10R,, &2 = 10, & = 0.5, we cbtain

/10K, = 2x0.8xIo =</o
Hence .

K, = -ﬁ;.}i_.a 0.2/6

Maunit-steprwpo;gsemrvesofbothsysbeus&eshqwnbelw;

Unik-Step Responses

Hi =
J1 \%f \//\'\/_,\
TV T

Note that for the original system .

T G _ R -l

R~ R®
____-__. sits
s+ f0

-38-
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Ef) _ RO-CGw _ S+3.4s

R R® . S 4-3. /45410

For theAunit-ranp‘input, we have .

= S5 [N o g /
S*+5+m S/.S 53482 /jos5 S

£, 6)

£6) = ;sz+3'/‘ =z .__!. [ _ __S+3./s
SHISESH/0S [ 5 T 34345V Jos F

The error versus time curves [e;(t) versus t and ep(t) versus t] are shown below.

045 Eoor Curvas for Rep Responses
04
VAR
NETAN
{
-~ Origined
CIOACT
ay / /-\ TN
£ TNA p——
/
-] 1t 2 3 4 [ ¢ 7 8 8 ®©
tSec

B-5-8. For the given system we have
| e _ K
RE6). s*r2s+ Khs +Kk

Note that ,
- K=ty = 4*=/f
Since o
" we obtain 25wn =2+K‘f<;-
2X0.7X 4% = 2 +Kk = 24 /K
Thus
k=ec.225
-39-
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B-5-9. ‘
cé) _ /£
REe)  s*+ (o.P+/R)S+/6
From the characteristic polynomial, we find

Ua=4, 2805 =2X08X%=0.0+HR

, . R=o.2
The rise time t, is cbtained from

=L

ay
O =ty J 1-5% = g [1~0.28 = 3.26

G T _ g -
[3-‘?—"%_ o = e 0. 868 = 3

we have
-4

I=—3%s
The peak time t, is obtained as o
) . ./ ¥ i

L hE = a7 se
The meximm overshoot My is ' o
: .3 T ) D - .

Mp=e VFR = & Vi = e =0./is

The settling time tg is ) | '

= a. 605 Sec

te = 4— = ¥

' 2 A2g.
- 3On 2.5 XE

1

L BS10. Amwogramt_:dobtain the unit-step response, unit-ramp -response,
andmit—inpulse,mpmséofthegimsysteuisslmmthenexhpage.

-40-
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% +eeve Unit-step r&spofse ceass

num=[0 0 10L"
den=[1 2 10];
t = 0:0.02:10;
'stﬁ?(num,den,t}

g
title("Unit-Step Response’) .
xlabel{'t Sec')
- ylabel{*c(t}’) . _
. 9 sEEas um_mm response EEREE

=0 00 10}

={1 2 10 0O}
c = step(nurnf,denf;ﬂ,
plot(t.c.' it

l'Unlt-Ra Response”
xlabel{'t Sec } 3
ylabel{*c({t)")
A % Gifi-l Unit: immt!se response i«l___'&i&
B _ N : knpulse(num.den.ﬁ |
'title( Unit-impulse Response’)

xlabel('t Sec’} .
yiabel{"c(9)’}

8 .

9

t

The unit-step response curve is shown below. 'meunit-ranpresponsectnveand
unit~impnlseresponsemrveareshmonthenexbpage

=
=
= |
Unit-Gisp Reeponse
// -
3 4 & 8 r 8 ; 10
téec
-41-
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B-5-11. A MATLAB program to cbtain a unit-step response of the given system
The resulting unit-step response curve is shown on the next page.

" "is given below.

* L X2 X1 4 W m I-_"‘I._

= {1 -0.5'1 oL

D=
fy.x,tl = step(A.B.C.Dl.
plotit,y).

titlef*Unit-Step Respome')
xiabel{’t Sec'}
yiabel{’Output")

42~
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. AmnABprogramtéwbainaunit—ranprespmseofﬂ:egivensysmis
presented below, together with the unit-ramp response curve.

* [Z X XT3 lm_m m Lo IX X
- ’ A=[1 -051 Ok
— ) B = [0.5;0];
. ' - . C =0 0
o D = {0}; ) )
o %""f&gmmm,.%grﬂmofﬂsmmm
= AA = [A zeros(2,1:C OF;
— 88 = [8:;0L; .
) ' CC=i0 0O 1

= DD = [0];
= % ***** Enter step-response command [z,x,ﬂ = step{AA,BB,CC,DD) *****
= [zx,t] = step(AA,BB,CC,DD};

x3=f0 O 11*x*: pbt&. t ALy |

Unit-Ramp Response®)
vlabel('m and Unit-Ramp Input
text{11.3,'Output’} ,
1 Unii-Remp Resporae
Ez&
5
] {m
o ,5 ©° 15 20 25 P
t8sc -
~-43-
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- Finally.
- is given next,

oL srses Unit-impulse response **%ee

= [-1 -0.5 1 05
= [0.5;0
=0 0}
= [0};
impme(A.B.C.D)

a MATLAB program to obtain a unit-impulse response of the
together with the unit-impulse response curve. SYBM

Rese time:

where

From

the closed-loop transfer function
cc) 3 3£

B =

tr =

R6) - Sz+25+3£' (S+/)z+6/——)z
we find that &y = 6, § = 4, and @4 =/35.

&= 72;;f?
ﬁq-/;‘:l - #—/ v/—;f; 4=$;;
=Lan'sn9/87 = £ #934 22
..a’./{éz";’;;/: KO # = 0.2938 sec
_44-
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Peak tine:
: T 3. /w8

L -tp:fd.lz s
Maximom overshoot:
' 5 -
Mp=e TR T=e E =g

283/2 sec

—0.83/8

=ao$fgo -
Settl time criterion):

_ ¢ £ .
= Yam = 4 X6 =4 sec

Amaamogramtoobtainﬁerisetime,peaktine,mnmmovershmt, ang-
settling time is shown below. 'memit-s-beprespunsemrveofthissyste_mis

shown on the next page.

= - mm=f) 0 36}

—_ : - jdea=[1 2 36}

o t=0:0.0015;

rxtj=

r=1; while y(r) <1.0001; r=r+1; end
_xise_time = (r-1)*0.001

98 .

t

- ? ‘tise_time= "
0.2940

” M=m); .
| peak_time = (tp-1)*0.001

- peak_time =
05310
max_overshoot = ymax-1
manx_overshoot ==
0.5880
| .=5oox,wu=g(s)>om¢y(s)<mz;s-s-1 enﬂ;
setﬂlng_ﬁme=(a-l)m.wl )

Ww W.

—-45-
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m. The closed-loop tiansfer function of System I is
) /
Rz S*4o25+|

The clwed-l.oop transfer function of System II is

C!(-‘) = /1"0!3.3’
RG) St 54/ _
'Iheclosed-looptransferfmlctionofSystemmis

Cxl) _ /
Re) = st4+s+/

system utilizing proportional-plus-derivative control action exhibits short.
est rise time. The system with velocity feedback has the least mﬁ&over—

. Unk-Stap Responses
A i i
18]
AR —
3 i 2 /
] x 'o ) -
B r
x °° \\
0a xy° \—/

Figure 1 *
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The unit-impulse response curves for the three systems are shown in Figure 2.

Figure 2

»mmitqamrespmecurvesfotthethreesystmare,sthMngreGr%
- , temnhasﬂnadvantaqeofquidaerresponseandlesssteadyermrmfouoﬁng
a ramp input. ) _

"lhemilnreasbn‘imythe%sbemnﬂatutiﬁms proporbioxﬁl—plus—deri -

8 .

tive control action has superior response chracteristics is that ' derivative )
o -cmttol:&spmdstoﬂnmteofdmngeofﬂxee:rorsignalarﬂcanpmdweear-
- 1y corrective acl:ionbeforeﬂ:enagnitndeoftheerrorhemneslarge. Notice
thatthea:tputofSystmIHistheoutputofSysbenIIdelayeﬂbyafﬁ:st—
- order lag term 1/(1 + 0.8s). - - ,
; . V{Iﬂ-ﬂ‘mm
= b _
; 9 0
oﬂ
OL—
§. Spjem1 — o°°
< Y o s a1
o° 3} -
=0
x7/ %
* x,‘oo
Figure 3 o eS|
' ] 1 2 3 4 ] ] 7 8 s 1w
- tSec
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_ﬁlemprogramthatusedtoobtainFigurés 1, 2, and 3. is shown below.

% —— Obtaining unit-step, unit-impulse, and unit-ramp responses ——
% ***** Unit-step responses of three systems *fe**

mml =[0 0 1};

denl = {1 0.2 11

num2 = [0 0.8 1I:

den2 =[1 1 1)

num3 ={0 0 1}

den3 =[1 1 1];

€1 = step{num1,den1,t):

€2 = step{num2,den2,t};

€3 = step{num3,den3,;

plotit,c1,’*,1,¢2,x", 1,¢3,%") -

grid
title{"Unit-Step Responses’)
xlabel{'t Sec'}

- ylabel{'c1, c2, ¢3')
texti4.2,1.7,'System 1)
texti4.2,1.3,'System 2')
text(3,0.9,'System 37)

% ***** Unit-impulse responses of three systems ***ee

g = ?npuise}nurﬁ‘! den1,0; '
x3 = impulse{num3,den3,1);

plot{t.x1,"-*,t,x2,°x’, t,x3,%0")

title(*Unit-Impulse Respéonses’)
xiabel{'t Sec")

yiabel{'x1, x2, x3"]
text{3,0.5,’System 1°}
text{0.8,-0.1, System 2°)
text{4.1,0.1,"System 3')

% ***** Unit-ramp responses of three systems *****

-oumir=[0 0 0 1k
denir =[1. 0.2 1 0}
num2r=[0 0 0.8 1j;.
denZr=1[1 1 1 O

wum3r=[0 0 0 1}

den3r1 = [f:n 1 1 1 0f

Y1 = steplnumir,denir,t;

y2 = step{num2r,den2r,t});

Y3 = stepinum3r, R i
plotit.t,"~*, ty1."-,ty2,'x’, 1,y3,"0")

title("Unit-Ramp Responses’)
xiabel{'t Sec") A
viabell'y1, y2, y3')
text{2.5,5.5, "System 1°)
text(6.2,4.5, 'System 2)
text{4.8,2.5,'System 3)

48~
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B-5-14, The closed-loop transfer function of the system is
Xb) _ _ %o
RE) T 0./SE s+ res+ ¢o0

mnABprogramtoobtaintlamitpsteprespwsecurveisgivenbelwptogeﬂuer
viththeunit—st@respmsecurve '

% SEERE Umt.mp respoﬂse SREEE /;\\ . § -
num=1[0 O O 4Q]; ' - N7 —
den =101 1 10 dop

00012
x1 = step{num,den,t);

platlt.x1 g A ' : : /

|
ﬂﬂe('Unit-s*tep Response’ -
xlabel('t Sec’} . ! : /
viabel{'x1"} o4

00 0.20.4 uu:ﬁuuuu 2

[ ¢

Ammogmboobhainthemit-ram:espmsemisgimbelw The -
resultingunib-:anpresponsecurvaisalaom., :

9@ ##% &% Unit-ramp response =+*+e

numr=[0 0 0 O 40)
denr = [0.1 1 10 40 OF
VI = Stoniame.dere. 8

¥ = G H
,;",‘::“"" Lyl . ,
xlabel('tSec ® Res el
y!abe!('ﬂamp lnputand Output x1') : e

X6 _ o5 .

RE) = 0./53 4524 fos + %0
The response x2(t) for the unit-step input and.that for. the unit-ramp input can
be obtained by using the MATIAB program given on the next page. The resulting
r-‘-respmsem[xz(t)msustmvas]arealsoslxwmonthenexbpage

_49_
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% **««« MATLAB program to obtain tespo'nses:(Zto in i) = 1(1) and

num2 =0 0 40 O]
den2 = [0.1T 1 10 40
)th= P lf’nimz den2,

X2 = step . 4
plotft,x2)

ggg(’l%ee' . x2 to Input r{t) ﬂt)

o In = '
xiabel('t boc} ° ’
yiabel(*x2")

num2r=[0 0 0 40 O]
den2r = [0.1 1 10 40 O}
y2 = step{num2r,den2r,t):
plotit.t.’-"1,y2,'0");

title{*"Response x2 to i = t.16)"
xlabel{"t Sec'} PPULF) = 1
yiabel(*input Unit-Ramp and Response x2)

Responss 22 1o Input #{0) = 10}

“o rY3 1 15 2 25 3
tSec
. Responss 22 to bput o) = . 2
o .
i —
gg m
i
g as 1 15 2 25 3
tSec
- -50-
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Next, weshauobbainxg(t)versustmrvesfortheunit—stepimutand
unit-ramp input. that

Xofs) /0

" X3s) T ous+/
and .
Xa6s) - #os
v have RG) 0./ S+ St + fos + %0
Xs6) = X6 X%B) . s 4 gos

k) _Xz#)' RE) SPH /o3t 1005 + el

x)fglimngndmgg m} beusedtoobtainzespcnsesx3(t) to inputs -
. responsecurvesareshounhelmfandcnthe

% ***** MATLAB program to obtain response x3 to inputs
% it} = 1{t) and it} = t.1(t) veees X3to

den3 = 11’ 10 ‘1‘80 °i'oa
t t= o:o.m :3; I:
plottt.x:i).l ’

grid .

title{"Response x3 to = ¥
% Sect] !nputt(ﬂ LU B

yiabel{"x3")

num3r=[00 4 40 O}

den3r = [1 10 100 400 o5

y3==t'. '(:l;gﬂt.c’lﬂt&. H

grid -°

title(” x3 to = 1Y’ > ‘
H_t}sosg:ge Input rit} = t.1(4)") B '
ylabel('lnput Unit Ramp and x3') ]

Responss 13 1o bput = 1)

NG
/
s 1 1.9~ 2 28 '—'|:
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" Responsa 33 to kepul () = L3(D)
28t
L] 2r
il
T
E J
-00 as 1 15 25 3

Fzmly,veshanobtaintheerrorversusteurves Plots of e(t) versus-
tmrveswhentheinputr(t)isaunitst@oxmitrmpanbeobtainedbyuse
ofthefouovingm.ﬂpm

'%—-MATLA;Bprogramtoébtak!emvem_lstcmves-——
% .'.l:. Unltm respo‘m SEBER
nmn={0 0 0 405

den=1[0.1 1 10 405

t = 0: 0.01:3;
x1l = step(nmden.ﬂ.

wt. 1-x1);

nﬂe(Pl.gts:ie,(t) versus ¢t when rit) = ﬂt)')
yiabel{®eft) = 1({t) - x1{t}'}

R, v Uﬂlt-!’ﬂlm mm-&.cca

numr =10 0 0 O 40%
den = (0.1 1 10 40 "0}
plotit.t, " 42" - y1. 0

ﬁtle{‘Plotofgm versus t when rit] = t.1(Q")
visbel{'eft) = t.1(t) - x1{)*]

The error e(t) versus t curves are shown on the next page.
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Pict of oft) vessus t when et} = 10

i) ] -
\/"\
Ve

“tS8ec

Pict of oft) versus t when i = L 1)

-

N .

o) = L1l - 1)

wh

.B-5-15. ﬁxeclosed-—loop transfer function C(s)/R(s) of this system is

ce) _ G5 S(:f-%(:ﬂa)

Y B F— Sa—
’ ./a L .

S3+Lsr - Fs+ /70

Amaammmmmmrwmuwu@nse
time, peak time, maximam overshoot, and settling time is shown on the next page.
'namit-etepzespmsewrveisalsowmﬂnnexhpage

=
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 sm=f0 0 0 10];
den=f1 6 8 10f;
t=0:0.002:10; ’
byxq] = step(oum,den.t);
plott) -

gid

xiabel(t (sec))
r=1; while y(r) <1.0001; r=r+1; end
-rise_time = (1-1)*0.002
rise_time = '
17720

[ymax,tp] = max(y);
- peak_time = (tp-1)%0.002

peak_time =

2.6320
m__,ow = ymax-1
.- max_overshoot =
0.2146

8 = 5001; while 98 & Ws)<1.02; s =51 e
seuhng_m=(§:)>‘3002 YO0 8 el

settling time =

59960

4

© teed

,_,__:54__.“
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B-5-16. a MATLAB program that produces a two-dimensional diagram of unit-
impulse response. curves and a three-dimensional plot of the response curves is

given below.
%% To plot 2 Two-Dimensional Diagram.
£=0:0.2:10; ‘
zeta=[02 04 06 08 1}
forn=1:5;
mm=0 2%zcta(n) 1}; _
den=[1 2%zetafn) 1};
.g‘gflmm = impulse(oum,den.t);
i -
title(Plot of Unit-Jmpulse Response Curves with \zeta = 02,0.4,0.6,0.8,1)
xdabel('t (sec)) -
text(2.5,04,0.2)
ex1(2.5,0.6,0.4)
= t=xi(2.5,0.8,0.6)
= tx{0.5,1.3,0.8)
: - tex(0.5,1.75,19) _
> % To plot & Three-Dimensional Diagram.
. xlabel(t (sec))
= yiabel(\zeta’)
2
=

MATLAB program are shown below and on the next page, respectively.

n Pk ot Unikingudes Respoans Ooves Wik Lo 828428805
1
15
. . i
} -
[, —
5 1 2 -3 4 3 [ [ ) [ ©®
L) -
~55.
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A MATLAB program to produce a three-dimensional diagram of the

<<A<<<<.

unit-step response curves is shown below.

it 98.

1L

forn=1:5;

zta={02 04 06 08

t=0:02:10;

den=[1 2%zecta(n) ik

mm=f0 1 1}

- B(Stm)xg

1
= step(num,den.t);

end

- | title('Three-Dimensional Piot of
xisbel(t (sec))
ylabel(\zeta)
zlabel(Response?)

wWw.it98.ir
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B-5—-18 AMABprogramto - . .
is given below mmmvmmﬁpmmofthegim

% MATLAB Program for Problem B-5-18

A=[0 11 I}
B=[0;1};

C={1 0}

D=0;

t=0:0.18;

u=t

1 Y=him(A,B,CD,ut);

Ploﬁt,n,'-',t.y,'o') _

Response’)

Input and System Output’)

t!ﬂe('Umt-Ramp
) ﬂabei('t(wc)')

text(1.5,4.5, Unit-Ramp Input’)
- 7 _ text{4.5,2.5,'Outpat’)

|
{

Ww W
L nmgm

Unll-Rup |
T B
. - ﬂ ) —_
i =
2F
2 3 L 3 8 [ 3 k ]
T e

B-5-19. By tsking the Laplace transform of the differential eguation:

L

y+3r+2y=0, y(0)=0.1, ¥(0)=0.05

;‘n:. . -
s2Y(s) - ay(0) - ¥(0) + 3[s¥(s) - y(0)] + 2¥(s) = O

-57-
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By substituting the given initial condition, we get
(82 + 38 + 2)¥(s) = 0.18 + 0.35

Solving this last equation for Y(s), we obtain

&) = ' 0-/s+a.3.g~ 9./s + 2,26 228" Y
= si+3s+z c:+/)c:+z) - st/ Rz

The ixrversel’ap}.acetranéfomof‘r(s) gives

" y(t) = 0.25e~t - 0.15¢-2t
This is the solution of the given differential equation.
MATLAB -solution:

Let.us obtain a state space equation for the system. Define

X =y -

. X2=Y A
Then, the state space equation and the output equation become as follows: -

i]_» 0 1 #1 21(0) _ °°1,
2| |2 3|{m]  [=mv0)| Jo.05
) - p <
y=[1 0] [ 1]
BE

Apossmmmprogramtomaintherespmsey(t)lsgiminthefeuwing
Theresultingrespcnseaxrveisslnmbelow

A= 12 -3}
B.==[0;0];
C=[1 0}
D=0; -
t= 0'0.01:5' -

{3 = initial{A B.CD,f0. mosp);
Mt.y)

Mmmwcm)
- xlabel('t (sec))
{ yiabel(‘Output y')

-58-
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T sz

'ﬂ.‘- \

@’ _ X
- )  S(s+)(s+2) + K
The characteristic equation is ‘ ,
' S+ 252425+ K =0

9 8 .

t

Ww W.

e T
For stability we require 6 > K and K > 0, or
| é>Kk>0

5¥+ 25+ (¢+K)s*+9s+ 25 =0
. the Routh array of coefficients is

_59-
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2K~/ - . /8K~ /0F N
2K~/

K>os 18K > /09

/<> L2z = fosd

For stability, K must be greater than 109/18.

- B-5-22, The ¢losed-loop tramsfer function C(s)/R(s) is

£6) _ K(s-2)
L (Sf‘/)(s'-f- £s +28) + K (s—=2)
K(s-2)

S+ 2s%+ (3 +K) St 25-2K

Forstabiﬁty..thedminatorofthislasbequatimmﬁbeastablepolmu
| For the characteristic equation

S’ 75+ (3/+ K) s + 268~2K =0
theaatbharraybeams&fmms

53 / 3/ +K

s 7 25-2&
e-;z- .

s° 28-2¢

Since K is assumed to be positive, for stability, we reguire:
125 >K>0

—60~
wWw.it98.ir

"M A M

86 11


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

!*W' Olelibl sglis amil

: -
\__- umlmthilL‘.r

B-6-23 . From Figure 5—56(1:_) we have

: K
RE) Js*+Ki, s+K T g2y ,%Q_ S+ ..5’5'..
By substituting K/J = 4 into this last equation, we obtain
ce) _ ¥
o R6? S*tr elps+ &
since o)y = 2, &= 0.6, and 2 ¥4/, = 4Ky, we have
23 -
K, = 2 =0.6
4 =g =0
- B-5-24 . prom the block diagram of Figure 5-81, we have
_ | < B 20K '
- ’ R6) S+ s (¢4 208K )Ys+ 20K

o (characteristic polynomial). The Routh array of the characteristic equation

8 .

o ; S3+Sst+ (¢t20kKy, )st+ 20k =0
- s ’ ) ‘
- 53 / «+20kk, -
;' s* & 2¢ K
; S’ gtzokk-#i<. O
s® 20k
For stability, we require -
&+ 20K0G — ¢k >0 , 2o K >0
or .
CSKKy >K~f , K>o

The stable region in the K-Kp plane is the region that satisfies these two
inequalities. Figure 1 shows the stable region in the K-Fj plane. If a _
point in the K-K, plane (that is, a cowbination of K and Kp values) lies in the
shaded region, theén the system is stable. Conversely, if a point in the .
R-Fp plane lies in the nonshaded region, the system is unstable. The dividing
curve is defined by S5KKj, = K — 1. (2ny point above this dividing curve corres-
ponds to a stable cambination of K and K.} _

.61~
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o.ié 1 :
;fll(; K-t
Bpne 1
B S
0 bi st+b,

= '+ b,s‘-F(L,-:—A,):-;— b 4,
- The Routh array is
| B | / bt
s b, by b3
s’ b 0
s° b1 by |

Thas, tbefirstcolmoftleﬂautharragofthedxaracbeﬂsticmtimm-
_sisbsofl,bl,bz,andblbg |

B B-5—26__

C{r) Gis)  Ks+b
REY ~ 1+ 6(9 2 st+astb
Hance ‘
(s*+as+L) G6) = (ks+1)[/+667]
* , Ks+b

96 = .v(.s'u - K)

..62_
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The steady-state error is

" The steady-state error in the unit-ramp response is

.. =-L _ ¢ (. _ /. S(s+a-k) _ . a—k
Ny .‘!-‘:Z' SG§) ;é,':‘ SCks+b) —. b

B-6-27. The.closed-loop transfer function is

= A
JIJs2+:8Bs +K

-For a unit-rag: input, R(s) ='1/s2. Thus,

£6) _RE)-CH _ Is'+Bs

"8 RE Js*+Bs+K
Js*+8s |-

JS*-Bs+rK st

£f) =

= A = fx LA B |
s = ef) é:rsz-‘(r) -l

or decreasing the viscous-friction coefficient B.eagtnereasing the gain or
mmﬂm-mwmw,m,mtmmnuo
wm.ﬂwthmltﬂmmmmmdthmﬂu
become more oscillatory. Doublimg K decreases egg to half of its original e
m.vhilsshdeaeasedwo.mOEihsodgimlmdme;is.mvemau
proportional to the square root of K. On the other hand, B to -half
of its original value decreases both and § to the halves of their original -
values, respectively. Therefore, it advisable to increase the value of K
rather than to decrease the value of B. After the trarsient response has

~ died out and a steady state is reached, the output velocity becomes the same as

‘the input velocity. . However, there is a steady-state positional error between
the input and the output. Examples of.
the unit-ramp response of the system for
three different valuves of K are illust-
rated to the right. '
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B-5-28 . cConsider the system shown below.

| 26) -
= o
| “’ii—%—nw 669 |—1—»

From the diagram we obtain
@) @)

) " te0GH
For a rawp disturbance d(t). = at, we have D(s) = a/s2; Hence,

cO)=limsCl) = oo, 398 4 _ ,. _a
h g 4 i swo [+GL)G.(3 52 paigpalir 6'[3')
c(e?) becomes zero if Gu(s) contains double integrators.

[ - = - .
kst s el s o 3 30 s (S (S 07
" 1 - Ll " * L * #* X

-

=
b

| - | 4 r |
Vt:yfuﬂf.!‘}.'f]' rﬂ,‘: ',,:

- ae
wwu.it Sy ue .ir
/}J ("O@_ aéﬁf) C-._-’E-MJ C:S/;&ﬂ (:__).AQJI
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CHAPTER 6

B6-1. The open-loop transfer funcbim for the system is

Wefirstlocatetheopen—looppolesandzerocnthecmplexplane Arootlocﬁs

exists on the negative repl axis between -1 and -co. Since the open-loop
tmnsferfunctiminvolvestmpolesandmezexo,tlereisaposszbilitythat

a circular root loci.exists.
Iheequatlmfortheroot-locnsbram!wscanheobtaimdfmtheangle

conditi
o / K(s+/)

- = t/80° (A +1)

" which can be rewritten as

[5+] -2/ =1/80" [21:1‘/)
By suhstituting s =0-+ jw, we obtain

[otjwt! ~ 2 fotje = :t/fa‘(z&—i-/)

i’ W/) 22:..’—-—=ﬂ:/80‘(2k+/)

or.

Rearranging, weobtain

-7 ‘ “’U - e/ ok +
g (o--:—/) )2.. ‘Eu.----f—m(z /)
Takingthetangaztsofbothsidesofthislastequatm,-

[ G ) -2 ()] u.[t v :L-/S’a’(zk-f-_/)]

wvhich can be smplified to

& & e |
el — o T fo L
& L2 2 - b
vl /1+-%x0
. w '. )
&/
T T T T (""‘ a~)
from which we obtain _
@ [(¢+1)* +w*— ]

~-65-
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‘mis.lashequatimisequivalentto
w=o o - (OF)) =/

Metmeqnationsaretheequaticnsforthemmciforthe-sysm. The
first equation, o = 0, is the equation for the real axis. The real axis from
s--ltos—-wcarre@m&toamoblocusforxzo.‘ (The remaining part
of the real axis corresponds to a root locus for K<0.)- In the present system,
K is positive. The second eguation is an equation of a circle with the center
atv~=-1,41=0andﬂemdiuseqna1bol. The root-locus dizagram is shown

J@

9y

B-6-2. The open-loop transfer fwmittion

= .

- WHI = i i) |
Almthemlesahs=0;s=-1.s=-2;kj1mdmms.'>'fheasjq!:obeshuve
angles i 45% and + 135°. The asymptotes meet on the negative real axis at
0°a = ~1.25. Two hranches of the root loci cross the imeginary axis at s.=
+ j1. ﬂea:g:ecfdepar&u:efmthemlexpo&einﬂ:enpp&halfsplm
is+162°

AWW&M&EMM@WEQMW,&-
gether with the resulting root-locus piot.

9; Tssae m plot =e+ss

-um=[00 0 0 1}

den=[t &§ 9 5 O}

ama={00 0 0 1) -
dena =1 5 9.375 7.8125. 24414}

f &=

pl 7
~ } Cument hald

M.‘og!?'
rlocusinuma,dena) )
;;'[-4 2 -3 3J; axisiv); axis{'sqtiare’];
W‘Hatoﬂ!notl.odangh\swm‘)

&

- -66-
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Gl Hals) = = ’ '
| arT ) (5o _293‘)’ S% 4 4. /y-’ + 085375 st4-0.083/87% S +0.0057/7/

" Piotof Root Loci and Asympiotes -

- B-6-3, AMABpxogramtoplottherootlociandasymwtesforthefmow-
!ngsme- |
K

- GEHE) = S(s+ 3‘;)(534-0.6'54-/0)

isgimbelwandtbemmltingroot-mpmbiaslwunmﬂnnexbpage
mmattheeqnationfortheasymboeesis

K _ R <

% ***** Rootocus plot =****

num = !0 '/ O (1 2 1];
=t 1.1 103 § 0
mnna 0 0 0 0 15; '
dena = 1.1 0.45375 00831374 0.00571911.

= riocus{num,den);
plot(r =) ’

plot(r;* !;ht
rlocus{numa,dena) ‘
;’; 5 5 -5 SI; axistvl; axis(’square’};
title{’Plot of Root Loci and Asymgtotes  (Problem B-6-3)')

67—
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& Mﬂmwmm {Problem-B.6-3)
B64, o
. . _ |
I+ Gls)HE) = O+K)S* +(2+6K)S +/0+ /0K
' - o s*+2s + /0
The characteristic eguation

(1t K)S*+ (2+6K) S + /04 10k =0
has two roots at |

(k3 .o JKERpEHT
frk 7T _ I+ K
If we write s = X £+ jY, that is
LT3k Y= {kz‘"’,"l'-'f'?
/+k 7 _ 14+K

e

+ Y2 — /+3l< K=tH/ektP | foCKkH)™ ”
XKyt= (), (= ()T /

Tade inticstes that the root Joci are-on a circle about the origin of radius

" _68-
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B-6-5. The open-loop tramsfer function

J((.ﬁ-a.z)
GO Hfs,

3) = 134)
Msﬁnezeroats--o.zmthedoublepolesats—Oanaasingle pole-at
‘s = =3.6. ‘The asymptotes have mngles of + 90° The asymptotes meet on the

xhreak—-inpo:lnbsaremcabedabs

real axis at @, = -1.7.. The breakaway
0,.8 = 0. , and 8= -1.6685. ammmw@;mmm

plot is shown below. The resulting root-locus plot is shown below.

%-il'l::.l m mm m ﬁi'i' -

num=[0 0 1 0.2
den=[1 3.6 O Of

;;[—6 ‘2 -4 4j; axistv); axis(’square’)
Uitle{"Root-Locus Plot  [Problem B-65)')

™

" RoottocusFiol  (Problem B-8-5)

N

6o
wWw.it98.ir


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

t\\ﬁl& Oleltial uyqlié ozl

&

W H:Eil' ir

”'nathirdpol'eiéatssv-l. The gain value ' to. these
closed—looppolesis = 1. A MATLAB program to plot the roct-logl is shown
- bel mmtjngm.lmmismOnthemm .

K(s+7) :
%”ﬂy)g S(st+¢s +//) S

hasthepolesatszmsa-z:jrammmatsa-s. The asymptotes
have angles + 90° andnaeethereataxisato*=2.5. The complex branches

cross the imaginary axis at s = + § 4.45. ang}.eofdeparburefmﬂn
coupla:poleintheupperlalfsplaneis-lﬁ&'

'medouinaneclosed-loappoleslaﬂngtheda@ingmioseﬂ.s

be
1ocatedasﬂninbemecbicnoftherooblodandnmsfmmtheodginhaﬂng .
at -

angles & 60°. The desired dominant closed-loop poles are found to be
==/leS L j2.508
dominant

* *ERNN Mmm TRSEN

nm={0 0 1 9
den=[1_4 11 0}

hold -

Current plot heid

X = (0.-3]-\"‘[0.5 196}'m

ve [-16 & -10 10L axistﬂ.a:ds('smme) o

w -
title("Root-Locus Fiot of Gisiti(s) = K¢s+91_i[s(_s‘2+4l+.11ﬂ

Root-Lacus Piot of Gle)lH(s) = Kis+S)ie{s"2ede+11)

|
/

Imeg Axis
(-]
q
,“.
l "
-

-10
-18 -10 T8 o 5
Resl Axde

wWw.it98.ir
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B-6-7, . Amp:ogmtoobuinarm-lmplotofthegimsyam
isslmnbelw. ‘meresultingroot—lomplctmsmmbelm.

% l:l'!l» ROOE"DGUS plot .l\l’!-

=[0 O
den={[1 7

)
;r;[-w 10 -10 10],axis¢v) axis('sqm').
l'PlotofHootchiatldAsyrmmtes {Problem B-8-7)")

0 2 2; -
.10 O O ‘

Plot of Root Loci and Asympicies {Problem B-8-7)

- . 10,

-5 o 5 10 -
Roel Mis

: ammm'mmmmmmwmmm '

conputer. mmmm-zmpzocwm '

S
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mmdxfwshbintymbembynseot’mmw

9 +eses paotlocus plot *EETe

nm=J0 0 0 2 2]
den=(1 7 10 0 O}
v=[3 3 -3 3j; axislv); axis{'square]}

%Mmmgmmo@, {Problem B-6-71') |

- RootLicus Phtnoar 0 Oigt _ (Probiem B.8-7)

L)

" criterion. Simatheclmed-xooptmferfmeionis

€& 2k (s+/)

R6) = S*+ 7sd + st + 2kss 2K

thedmracheisﬁcemntimfortmmis

St 7:’ +/a.s +2Ks+ 2K =0

-72_
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The Routh array of coefficients becomes as follows:

s¥ 4 - Lo o 2K
s3 V4 2k
st ek i
fiu€>iﬂt __lﬂqg‘i
/7 7 __ :
s %0 -~ 2K : e
7.

s 2k
o ﬁmmuty,ufeqme
| 70 > 2K
2~ ¢k >0
k>0
- Tmus, the range of K for stability is

ses>K>0

m_ mmmz«mmu
$’+$$‘+PS+K=0 |
nxummmz.mm&memmm
ST+ 452435 +2.=0
- The closed-loop poles are located as followa:
s=-—1.8557+ji.3559

8 = -1.8557 ~ §1.8669
8= "0.2887

Seé the foliowing MATIAB program for finding the cloged-ioop polaé.

-73_
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A MATIAB program to plot the. root 1oci is
locus piot is also shown below.

p=1[1 4 8 2);
Toots(p)

ans = _
-1.8557 + 1.8669i |

-1.8557 - 1.8669i
-0.2887

shown below. 'meremﬁngraoa-

% L2 2 X 3 ] Roq‘_m m Y ey

nim=[0 0 0 1}
den=1 4 8 0O}
rlocusinum,den}

axis(‘square’)
title{"Root-Locus Plot of Gls) = Kfisls~2-+4s-+8]')

) Root-Locus Plot of G{e) = Kisis*2+4s+8]]

7

k/

-

NS ',

_B-6-9. mqp@mmmisgimhy

-G HE) = K(5=2.4667)

S E+33%0/ 5P+ 9. 47255
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The equation for the asymptotes may be obtained as
K _
S+ (23%0/ + 0.6667) s>+ . -
p _

<$.+3-3W/ 1-0'(,‘7 3
3

Gal) Hpfs) =

*
© —
ey

.

K
(s-f-l.sé sé)?
K .
S?4 €00 FEST+ . 3875 S+ 2.3582¢

l,.

Ba;ce,ieenterthe_fonovingmmtofsanddemninawtsinthem. For
the systen, A . ’

- ‘mm=[0 0 0 .1 -0.6667]
o : den = [1 3.3401 7.0325 0. 0]
For the asymptotes, ' _

8 .

o mma=[{0 0 0 1]
= ' =[1 4.0068 5.35i5  2.3825)
. Amerogramtoplottherootlociandasymptatesisgimbelw. The
= ' resulting root-locus plot isshownonthenexbpage. ,
; - 9
; 9% *=*+* Root-locus plot *****

num=[{0 0 0 1 -0.6667);

den = [1 3.3401 7.0326 0 O}
numa=[0 0 0 1]

dena = [1 4.0068 5.3515 2.3826].
K1 = 0:1:50;

K2 = 50:5:200;

K =K1 K2

r = riocus{num,den,K});

a = riocus{numa,dens,K}; - )
plot(r,’o") . _ .
ve[-6 2 -4 4} axislv); axis{"square’)

. Current plot held
. g:?‘}fa,'-_gbt . N
title('Root-Locus Plot  (Problem B-6- 9 }')

xiabel{’Real Axis’)
viabel{"lmag Axis’)
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Roox-Locus Plot:  {Problem 8-6-3)

K= ,(O+JU)[0‘+JU‘I'/)’ '(U‘-}-)u)‘.,. o+ ‘aJl
= [0t 0~ + jw (1+20)
J

Thus,
| *= (0“-1- o= W)+ wa'(I-f'UZ-@) |
= Jo(o+p-w*) + aJ"(H- &6 + 402)
| = [o(r+) +ar]® + ™
Hence

[u—(c—+i)+w'~] +wt= K"

"ﬂ:ecmskanbgainloeifecx=1, 2, 5, m,andzoonthesplanaareslm »

on the next page.
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B-6-11. The temm (s + 1) in the feedforward transfer function and the term
Zs+1)mt11§feedb:d::tansferfmbimcanceleadaow. The reduced
characteristic egquation is ; : ‘

_K(s+1) / N K _
s(s*+25+6) S+/ — S(s*+ 2s+6) =0

The open—loop poles of G(s)H(s) is at s = 0 and 8 = -1 :I:,\,jfg. The following
mptogramproducesthemot-;ocusplobshomonumenextpage.

It GBI =/ +

*T sssx+ Rootlocus pht sssss

nmm={[0 0 0 1)
den=[1 2 6 QO]

Warning: Divide by zero _
;ﬁ: 5 -3 -4 4j; axstv); axis{'square’)

title{"Root-Locus Plot  (Problem B-6-1()")
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RodtLocus Plot (Problem B-841)

S

N

2

=
mfmmm-mmmehegamxummwz.mmymze:?
computer .

the following MATIAB program into. the

-0.8147 +.2.1754i
-0.8147 - 2.17641
0.3706

p=[1 2 6 2
-roots(p} L

Thus, the closed-loop poles are located at

8 = <0.8147 + § 2.1754, 8 = -0.3706

_3_6—12 - :

ammogmtomoaarm-mmsdiagramforthesysmm -
6-102(a)is shown in MATLAB Program (a). 'me remting root-locus plot ie shown

in Figure (a) (see next page). -
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% MATLAB Program (8):
mml=[0 1 -1};
denl ={1 6 8};
K1 =010.01:50;
K2 = 50:0.5:1000;
K=[Kl K2}
docm(numl ,denl K) . .
tlﬂe(Root-I;ocusPlotofG(s) =K(s-1)/(s"2+65+8))
. " Soot-Loces Pt of Gie) = Kis-1¥is 2eeem)
- “ _
08
o4
02| e
— ! ) ° )
_ .
- N S T 1
o
o 04
- asl-
2 L |
= _ - r - 3 2 e e 1 2
. For the system shown in Figure 6—102(17)»:” '
A MATIAB toprodnoearoot—lomsplotofthesystensmminrignre

. program
6—102(19)18 given in MATIAB Program (b) The resulting root-locus plot is shown

% MATLAB Program (b

nmm2=[0 -1 1}
den2=f1 6 8
K1=00.01:50; _
K2=50:05:1000; .
K=[K1 K2}

v=[8 8 8 8] axis(v); axis('squarc)

gad -
tlﬂe('Root-Loens Plot of G(s)==K(l-s)l(s“2+68+3)') :
ylabel(Tmag Axis’)
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. Note that the equations for the root loci for both systems are thé same. .
w[(0—/)*+ wi—/5] =0
misequatidnisequivalentto o .
w=0 oy  (0~/)*+ w*=/S

The first equation (4’ = 0) is the equation fofttereal_.axis. The second
equation is_the equation for the circle with center at (1,0) and the radius
equal to .Jf15. . '

. -nxeequatimforthebreakaﬁayorh:eak-mpointsiéobwinedfm
_d@R/ds = 0. For both systems, the solutions for dr/ds = 0 are :

S=4#873 ,  S=—2.873

For System (a):
. K= 15,746 .fors=4._873

‘ K=+0.25¢4 for s = -2.873
This means that there are no hreak away or break-in points for System (a). The

root loci exist only on the real axis. (The root loci exist between s = -2 .
and s = 1 and between s = —4 and 8 = ~ 00.) )

For System (b): I
- K=15.746 for s = 4.873

K = 0.254 for 8 = -2.873

-80-
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Hence, s=-2.873ands=4.873areactua1hreakawayandbreak—inpoints, :
respectively. The root loci invulvesthecircularlocusﬁ:erethecente:bf ,
the circle is at (1,0) and the radius equal to J15. - The root loci also
existontherealax.is,'fms=-2tos=—4.aridfrans=1tos:oa.

B—6—13. The differential equation for this mechanical system is

52[;3' “'j;)"l'& (¢ “'xo)=b/io :
Taking the Laplace ‘transforms of both sides of thi -equation, assuming zero
initial conditions and then rewriting, we cbtain ° =

Xo(’?__ £z$+£ _ -.Z-’%:,.{_/

If we define
‘ J’:;_ . 'é"*‘}z .
=T & =F>7

then the . transfer function Xo(8)/%y(8) becomes

X)) _ _Ts+] _ g S "'7‘{' S

Xe@) BTs+/ —‘é. ] _,,,_PI:‘._ - o

This is ' : (8= -1/4T) 15 100t :
tgaiagmsbfﬁ)flnpole(s » Upt)islocatedc!.osertpﬁe_

B6-14, The following MATIAB ptogrgg_i_v_‘es a rmb_-zvgm_sﬁplol: for the system.

The plot obtained is shown on the next page.

9‘ ssess poot-locus Pht ssege
nm=[ 0 0 1k |
den=[1 4 5§ O
rlocus{num,den)

c FM' ‘i' R,
x=10 -2y =1[0 3.484I lineix,y)
axis{'square’) - )

g{'ﬂooﬂ.oms Plot %}
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Simethedmimnbdnsed-looppoleshavethedamh\graﬁo;oto.s.
- may write them as

g S=xtj3x
The characteristic equation for the system is
S} gstrss+ K =0
' _Bysubsbitutings:x+j,f§xiuhothiseqmtion veobhain

(x-i-‘rx)’-t-ft(z-r J"x) +$'(z+)\’?x)+l< =d
—ﬁx"— Fx*+sx +K+ 2wf3'j (¢z‘+2-$‘x)=0

By equating the real part and imginary part to zero, respectively, we get -
~FX? =X F K =0 | (1)

G 2.5 =0 | (2)

 Noting that x # 0, from Bquation (2), we citain

-82-
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X 4+2. 8 =0

_ X == 0625 |
| By substitubing x = -0.625 into Bquation (1), we get
| K=&x’s gx*~ sx |
= 8(~0.825)" + t(;e.tzr)°?f(—ﬁ~fzr) _

= 296875

mwmmmm.mmmmfmmmm-
: graminboehecmeer 7

p=[1 4 5 4.208875K
roots{p}

-2.7500
-0.6250 + 1.0825!
-0.6250 -

Thus, the closed-loop.poles are located at 5 = ~0.625 + j1.0825 and 58 = -2.75.

The unit-step response curve can be obtained by entering the following
MATIAB program into the computer. Mresultingmit-st@rmemm
shown on the next page. .

%~ !’,.g. m m .{éts
num =[0 0O 0 4.20689]);

={1 4 5 4.2969%
ﬁ(mm,dﬂﬂ .
title('ﬂnit-sap Basptmse

g3-
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B-6-15, 'mesoluticntosudzaptohlmismbmique shall present two

'soluc:.cnstotheprobleainvhatfollm. Noi:etlmtfrmtherequirmb
_statedintheproblen. thedmimtclmd—loappolesmthavegso.smwn

- S=—L5 k5 2578/
Notice that the angle deficiency is L N\ |

Angle deficiency = 180° - 120° - 100.804 = — 40.804"°
Method 1: If we choose the zero of the lead compensator at = = -1 80 that it

E ﬂncangeltmmmats--l.mmmmlemmm
at 8 = -3, Or

6.6) =Kk 5t/ _K?;(s-:——,é— _XG_S+/
S TRl e A
or | )
| | Geb) = 3K —THo-
S+/ fo0 ‘
3k L =y
_ ' St3 S(sHD L=-a-+ Secter
5 S'(s;t-i) .
K T —— “a.
IR Ss~LSt) z-;rﬂ o
Hence

6:(") =apf :.:’:;

The open-~loop transf.er .fmbionAis.

~_ga.
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The closed—loop transfer function C(s)/R(s) becames as follows:
) _ 7 ’
R(s) s +35+9
Method 2: Referring to the figure shown below, if we bisect angle OPA and take
20.447° each side, then the locations of the zero and pole are found as follows:
zero at 8 = -1.9432
_ - pole at s 2_-4.6453
. Thus, G.(s) can be given as
‘ Tis+/ 77 S+/F832 S+/5872
£ 4 =2, K —r=
6’“ K Tes+/ " Ta Stafest 7 StREp5F
g% §
. | . 21 5 jZ
e p .
?: '\?’?‘;': yFI
- Yy A P TR F =
= 491
= .
= | , ‘ -l-jz_ ‘
mvam_eofxcanbédebemmeabyuseofthenagniwdecmdium.
239k SHL9832 o ) -y
' "K= l (s+54358)5(s+1) _ ) T a»).?}
_ 2371 Cs445p32) S=—1.5+j 2-59F/
Hence, the compensator Go(s) is given by
, . S+A932- . o0.S/%6S +7
) , - ? —_— . - .
Ge(G) = 12285 St ¢.6 %58 o.5/38 o.2/s25+/
Then, the open-loop transfer functicm becomes as

0.5/ %65 4/ s .-
@(;)4{:) "f/3fg(az/rzs+/ EYEEY)) |

_85.— -
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mie an—-«00p transfer function is

6 _ _ 5738 (0-5/%65+/) |

R(S) ~ S(s+N(0.2/525+ ) +5:/38 (o S/ K51/ )

_ 2-6L¥ s 1 /328
T 02/52 87 F/2/52 5% 4 3 E0%S +5./35 |
It is interestingtocmparethestaticvelocityermrcons&ntsforthe

two systems designed above. )
For the system designed by lﬁthod 1z

K A«S-—L—-:g

520  S($+3)
For the designe - Method 2:

o5/ gls+]  Jo
021525 +/ S(5+)) =S54

Ky = Mo s (0.5738)
Sreo _-

The system designed by Method 2 gives a larger value of the static velocity
error constant. This means that the system designed by Method 2 will give
smaller steady-state errors in following ramp inputs than the system designed
by Method 1.

Invbatfonows,weccmparethemt—steprespmsesoftheth:eesystm
the original umcompensated system, the system desighed by Method 1, and the
system designed by Method 2. . The MATLAB program used to obtain the umit-step
respmsecurvesisgivenbelow 'I‘heresultingunit—ebepre@mmecurvesaxe
shuwncnthenexbpage :

9% ***+* Comparison of unit-step responses for three systems *****

num=[0 0 10};
den=[1 1 10J;
numl = [0 0- 9);

dent ={1 3 9]
num2 =[0 0 2.644 5.138} '
denZ = [0.2152 1.2152 3. 644 -‘5.138);
t = 0:0.02:8;

¢ = stepinum,den,t);

c1 = stepinumi.dent,t);

c2 = steplnum2,den2,t); - .
plot(t,c.'.'.t.ﬂ %, t,c2,"-.%)

Companson of Unit-Step Respomes forThme SVSmms)
xlabel('t Sec’)
ylabel( 'Outputs‘! .
text{1.5,1.6, 'Uncompensated system') -
withK = 0.5138, Tt = 0.5146, T2 = 0.2152°}

text{1.1,0.5,"Compensated system
text{1.1,0.3,"Compensated system withK = 0.3, T1 = 1, T2 = 0.3333")
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Compuison of Unit-Siep Reaponses for Three Syslems

“ § é:umrm
/\’ ™
AR IRy ARz
\/
iy e ﬁ-&.x-lmu:_-wﬁu-uﬁz
N Coupercistsd sysicn it K403, 79§, T2=04238

'B-6-16. The clqsed-—loop transfer function c(s)/r(s) is given by
' <7 K(Ts+/1) .

RE) ~— sS(s+2) +KR(Tst/)
Since the closed-100p poles are specified to be

: = -'JZ:fa}‘JZ,
S(stD+K(T5+) = (s+2+52)(S+2-) 2)
S (2+KT)s+ k=3"+%s+5
Hence, we nequire

2+kT= ¢, K=&

T=¢‘2$‘ » K ".‘-"'-X

B-6-17. The angle deficiency at the Closed-loop pole s's -2 + 32 V3 45
180°- 120" 90°= - 30°

" The lead compensator mmst contribute 30°.

Iebusd:ooéeﬂeaerooftheleadmtoratasez. 'l‘hen.eha
pole of the compensator must be located at 8 = -4. Thus, .
: S+2 ’ |
) =
The gain K is determined from the magnitude condition.

-87-
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K S+2 3~
S+ ¥¢  S(oss+tl) S= =2+ 27 B
or .
ke ,s(s-w-) - /6. .
: 2 | seczijaly dd

Gl =16

Nm.weshauobeainunit-stepresponsesoftheongimmandthe

 compensated The ori
com m;system ginalsysballasthefononingcloeed-looptrans-
C6) _ sfo

Rs) ~— si4zs +/‘0A

The compensated system has the following closed-loop transfer function:

) _ /6
Rs) s+ eas+/8

'ﬁaunﬁ:—step of the
1Y -ste response curves originalsystenandcaq:azsatedsysteuare

&iﬁhpnsmn&nofuﬁhﬂqnhﬁqﬂpumnmahﬂqnﬁn

.B6-18. The angle deficiency is.

180° - 135° -135° = - 90°

A lead compensator can-contribute 90°. 1let us choose the zero of the lead

-88-
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compensator at 8 = -0.5. Then, thepoleoftheconpensaﬁormxstbea;bs=-3. _
” . .

6 (S‘) K $+¢.
Thegainxbedeterminedfrunthenagnitudeconditim.
- 1 s+to.s ¢
1K - =/
or
2 .
k=‘ Ii(s"’s) S - 4.
S*“as‘ -_ltj,

Hmcetheleadcanpensatorhecmesasfolm

as
Gels) = ¢ -T2

The feedforward transfer funption is
S Gus) 66y = S22

. s34 35
— ) Aroot-locusplotofthesysten:lsslmbelow

wsma(mmm _

8 .
[

9

Closéd-} vop )ples

t

N

Ww W.

2
2 3 . 2 A o 1 2

Note that the closed-loop transfer function is

_C6) _ s+ 2
RG) S3 4 35+ 45 +2
'meclom-looppolesamlocatedats -lijlands--l.

Invhatfonmsves!nngivetheunit-stepandunit-rawrespmsesofthe_
unempensatedsystenmdthecmpmsaﬁedsysten A MATLAB program to obtain

_89~
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unit-step response curves is given below. The resulting curves are also shown

helow.

% *#**%* Unit-step responses of uncompensated and compansated systems *#e¢¢

num=1[0"0 11
den=[1 O 1}
numc={f0 0 4 2]
denc=[1-3 & 2]

t = 0:0.02:10;

¢l = step(nmn,den,t).
c2 = {numc,denc, t};

;b‘:ft.ﬂ,!. t,c2,°-) ,
title{"Unit: r f ' ’
xlabel('s;'tlep esponseso uncompensated andeompensawdsystéms')

RO
m ]
text(3,1.5, Unoopr:pensala??n"tgn')

Ammmmmmt-mrmmisgimm The re-
sultingrespawec\uvesareshammthenextpage R

9 eeses Um-ramp responses of uncompensated and wmpenseted systems ***** |

numﬂ!o 0O 0 1
den={1 0O 1 O} :
n‘umeslo 0 0 4 2k
denc=[1 3 4 2 O}; .
t = 0:0.02:15;
c1=step(mm,den.t).

step(nmc.dmc
pbt(t.t. tc1.'-.%1,02,"- )

grid

tiﬂe{'Unit f ed and ‘systems °)
" -raq;presponses.,o mmnpensat compensated

text{4,1.5, Ctumensawdsym

text(8, 'lkmmpensatedsvstam

-go_
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B-6-19 . The original uncumpensated systen:has the fbllouing'closed-loop trans—
ﬁet fnnction- :
(ﬂ@? /@f o '

Ry~ s +¢s-t—/6 .
The two closed-loaprpoaes are jocated at s = -2 + j2[3. Choose a lag compen-
sator of the following form: ’
s+—L- ‘.
= —_—
Ge5) kc s__'_?li__ » (’>I)
Then, the static:velocity error constant Ky can be given‘hy

£
K= s 568060) = S sk, —ET L = Pk

s>e s>e ‘ +-’- S(Stp) .
let us choose Ko = 1. Then ' T

p=5

The pole and zero of the lag cmu;ﬁ:unnxu'nnnﬂ:l:a.located close to the otigtn
Iet us choose T = 20. Then, the lag compensator becomes

6.7 = S+ 25 _ _Stoss
-, : < 5-.,...,_’%_ stoe/
Notice that -

| s+o0.08 c=T )
’51-0.0/ S 245245 50

S4+0.05
— o . - == A PS4 2 -"'/ 77+ ZJ

= ~boszr/) "+ 40 /zxz‘ =—o.4777°

M —91-
wWw.it98.ir


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

t\\ﬁl& Oleltial uyqlié ozl

&

W H:Eil' ir

The angle contribution of this network is very small (-0.4999°) and the
magnitude of Ga(8) is apprmdm%y unity atsthe desired closed-loop pole

Hence, thedesignedlagcanpensatorissausfactory Thus
R G) = S+0.05

: s-ra.a/
Let us compare the unit-step response curves of the uncompensated and

compensated systems. The closed-loop transfer function of the uncompensated:

system is
Cﬁ) V1
k(:) :‘ + %S5+ /6

Farthecm@ensatedsystemtheclmmuansferfmtimis

e _ /£( :f-o.ar)
RE) — Csraer) s(:-:- ) +/6 (5+4 0:9
fs+0.8

S 4+ R0/ S+l 085 + 0.5

Ibeclosed-looppolescanhefomdbyenteﬂngthefouowinngmgrm'
into the computer.

p=1[1 401 16.04 081:
roots(p)

-1.9797 + 3.4526i
-1.9797 - 3.4526i
-0.0505

'Ibedcminam:closed-looppolesanelocahedats=-1.9797:tj3.4526.. These

”iomticnsareveryclosetotheorigimlclosed—lmppoles
mfmmmmmamwwmmmm.

..'

% tenee Comparison of Unit-Step Responses for Two Svstems seune

mm =[0 O 16]. : . )
=1 4 16]; - - 7
numc =f{0 0 16 08}
.denc = [1 4.01 16.04 08].
t = 0:0.02:5; .
c1-= step(num,den,t);
c2 = stcg(m.denc,ﬂ;

mﬂ. L1502, : : .
title{"Unit-Step Responses oﬂhcompemated and Compensated Systems %)

viabel
text{1.5.1.1, Compensated system’)
text{1.5,0.9, theompensated system ’)

o
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The unit-step response curves cbtained are shown below.

Unit-Slep Responses of Uncompensaied and Compensated Sysiams
1.2,
2 i

+-

L ed

- wy.mmmmmmmm'wmwy
- the sae. ' : . .
i For the unit-ramp respanse, the response curves for the two systems differ,

8 .

o hécametteorigimlmcawsatedsys&emgivesthesbeady—sbateermrpfo.zs,
vhile the compensated system exhibits the steady-state error of 0.05. " The

= following MATLAB program gives the unit-ramp response curves in the time range

= g5 sec £ t € 100 sec. The resulting unit-ramp response curves are shown on the-

. next page.

=

; B -

= % **&** Comparison.of Unit-Ramp Responses for Two S sesss

num=[0 0 0O 165

den={1 4 16 0O}
nume=f0 0 0O 16 0.8
denc = [1 4.01 16.04 0.8 O
t = 0:0.1:100;

c1 = step{num.den,t);

c2 = step{numc,denc,tl;
plot{t,t,’~".t,c1,*-." t,c2,'-"} -
v=[95 100 95 100}; axisiv)

grid
title("Unit-Ramp Responses of Uncompensated and Compensated Systems®)
xlabelgs»'} - ' °
ylabel{’input Outputs® :

text(95.5,97.7, 'Compensated tem’

ext(97.5,96.7, 'Umonmensate?;vstet)n']
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100,
7
//
s
i T
i <]
Ew
a
T

aasﬂsasw%:ausumm

8620, Sincethecharacberisticequaticnofthewsatedsysmig
s*+ 3052+ Roo s + 520 <o '7

. the uncompensated system has the closed-160p poles at

| Se—3.60 £} 4&'&; N s-is—zz;é

70 increase the static velocity error constant frem 4.1 to 41 seé-lfwithoub
apptedablydmngingthelocatimofthedminantclém-lmppoles'weneed

Gofr) = 10 -E3XL_ _ Stazs .

¢os+] = s+aczs ‘ (1)

The angle contribution of this lag network at s = -3.60 + j4.80 is -1.77°,
vhich is acceptable in the present problem. '

The open-loop transfer function of the compensated system becomes

) . 820 (s+0.28).
. - Q) G6) = s(s+a028)(5+r0)(S5+20)
Clearly. the velocity error constant Ky for the compensated system is

Ky = bim 5 Gob)GE) = 4/ sz’

nbticetlathecameoftheadditimofthe.hgmatorthec@ehsated
systenbeccne:sof fourth order. The characteristic equation for the cospen-
. : | o ,

S*+ 30,026 57 4 200. 95 s*+ 825 s+ 205~ =0

-94-
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‘The roots of this characteristic equation can be easily obtained by use of MAT-
LAB as shown below.- . :

p=[1 30.025 200.75 825 205];
roots(p) :

ans =
-22.7866
-3.4868 + 4.6697i

-3.4868 - 4.6697i
-0.2649

Thus, the dominant closed-loop poles are located ab
S=—3. 0868 & } ¢.6697
The other two closed-loop poles are located at
S=—0.2649% , S=~22.787
The closed-1oop pole at s = -0.2648 almost cancels the zero of the lag compen-

sator, &8 = -0.25. Also, since the closed-loop pole at 8 = -22.787 is located
mfmwmmmwmmmjmmmm.

“theeffec&ot‘thispoleonthesystanrespameisveryaau. - Therefore, the

closed—loopmlesats=-3.48§8:j4-6697&teindeedthedmmclosed-m¢p

nnmdamamtn:alfreqnmcywnofghewwloap_polesie .

Wh =\[3GEITTF %.45677% = 51828 2nd fec

6 rad/sec, the compensated system has an approximately 3% smaller value, which
would be acceptable. Hence, the lag compensator given by Eguation (1) is
satisfactory. .

B-6-21 Let us choose a lag-lead compensator as given below.

: L
Gfs)= K () (ﬂ_’jz Cp>1)
R )

The desired closed-loop poles are located at

N\ s=-24j72VF
andtl'estaticvelocityermrcanseantxvisspeciﬁedas
T Ry=spsert -
The open-loop transfer function of the compensated system is

g
WWw.it98.ir
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CA)E)
(7",,(5) 7{-"') X (S""A)(S"'pr S(s+2) (s+s)

Sdo 2X 5

kv-—/“" 56[’)6{/ Anke_"‘""""_': Ke =87

Kc_"':‘sv

that
n _
S+ Sox s0 ] /
: S(s+2)(s A =
51--75_,- S(s+2)( *'-4‘),,-:_2,72‘,.

L
.S"l--’;._

5+_% = 77./066

s:--—z-l—jz\f?

Q!aanglaﬁ.lms'caasfmtbefacbﬂnttheleadporbimastmmte
the angle deficiency which is

k;gledeﬁcialcy=180°-120 - 90°~ 49.1066 = — 79.1066°"
See the diagram shown below. '

Byusingtrigmcmetryvefindthelocationsofthemandpoleotthem
portion of the compensator as follows: . ,

wWw.it98.ir
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L |
SYT _ stz2.2t87
s+&  Stzzp/
4 .

Tr=0. %507, ﬂ——/z.z)f;z.

: Forthelagporbion,venayclnose'l‘z 10. M,thel&gportimmyﬁe
given by -~

'L _ s+o./
s+ ‘;%: . S+0.008/8F
Notice that
S “‘"7% . ‘s+o0./ l
g - : A S+o.0087%
St A2 | S=-24520F &2 ] Sw=-21j2is
= 09885
S+E R
S+ 2= N
T AT '

S= dfjlr

'meclangascawedhythe particn suanandacceptable Hencethe

6.6) =50  S+22/87 S+0./
e S+27./0/)  Sto.008/ P

_'mwmﬂummmmmfwum

_ . _ So(s512.2/37)(5+el) /0
%67 96) = (s taf.nes W ste.vo r/rz) s(s+2)( 5’+-¢)

$Svo. 5% 4 //57 3:*.: /0,728~
3 +3f W13 St 4 200.05705° +292. 08425+ 2.2/ 885
The closed—loop transfer function becomes as follows:

C6) _ __ SPeSt 4 459355 + /0. p25
RG) ST 4+38://935% 1 200.05005° + 772. 7962 5" 4114/ S48%S +//f-f£r

-97-
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lhefoilowingmnABprogramvingivethemitMregpmseofthec@en-

sated system.

g, s=es* Unit-step reséonse e

num=[0 0 O 500 1159.35 '110.935); »
den = [1 34.1193 200.0570 772.7462 1161.5688 110.935});

%(nmu.den) ,
title(*Unit-Step Response of Compensated System’)

) The resu]rting unit-step response curve is M'below.

wwuwﬂm—

14
" \
J-
%
a4}
(] 2 4. € [] © 12 “ *
Time (ooc)

.25, 1ot us chaose the domimat closed-100p poles 2 8 = 2 3205, men..

"ﬁ‘anglzdefidﬂﬂr‘atacloaed-locppoless-2+jzﬁﬁwsasfou&s=
wewidmy:lw‘;m‘-w
' =~22.5389.

& _ 306.1021° + 113.4132

See the fo.uowing diagram for the camputation of the angledefz.ciany.

o5 .
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MATLAB program produces the value of K.

j25

/ lek.r0zt’ '
_ ‘ /lll.wiz'
~l0.2857 ’

L

Prmthisdiagramwefindthezamofthecompensatorﬁobeats=-102857. :

The compensator thus can be written as

Gofs) = K ( s+70, 2857)
The feedforward transfer function becomes
K(s+/0,2857) (25 +/)
| Gel) Gi) = Ses+/)(s+2)
The gain K cem be determined from the magnitude condition:

K(s+/0.2887) (25 +/)
SCs+/)(5+2) - AP 5 20F

=/

k= | sCs+1f=s+2) |
| |Gt#2ps7 )25 +7)] 5. 24205
meevalnatianofthisxcanbenadeeasuybyuseafm.

1% seees Dew'mination of gain constant K *****
a=[1 3 2 0O}

b=[2 21.56714 10.2857];

8 = -2+4]*2%sqrt{3);

format long

K = abs(polyvalia,s})/abs(polyvai(b,s})

Ke

- 0.73684318666243

Hence, the compensator becomes as follows:
G-G)=0.7268% ( .s'-n-/a_.z:'rf)

- The closed-loop transfer function becomes as

-gg-
wWw.it98.ir
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RE)  S' e 20736852+ ,7. 592075+ R5T89 /5
The following MATLAB program will produce the unit-step response curve.

g, wadse Un_it—step response **ess

numc = [0 1.47368 15.89467 7.578915};
denc = [1 4.47368 "17.8947 7.578915);
t = mus: dere,

Cc = nume, -

plot{t.c)

title{"Unit- Res) f 22"
('ts?c?p ponse o WSysmm {Problem B-6-22/")
yiabel{"Output®) -

Uk Siep Responws of Compenseted Syslems (Protiam-6-21)

1.2
4 \\ _
- S
“/
[} as 1 15 2 8 3 35 4 45 s
18w

mmemmm-»mmammmmmw
approximately 3 sec. Thus, the designed system satisfies the requirements of
the problem. ’ .

B6-23. fThe first step in the design of the compensator is to choose the |
desired closed-loop pole locations. Considering the open-loop poles of the

S=-#Lj¢

.(Of course, other choices can be made.) With the present choice of the domi-
nanbclosed—]tooppo;es.ﬂemydnoeeﬂembortohaveamats=-4

~100-
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sothattheplantpoleats-—ticanbecaneeled We may also include a zero
at s = -1. Thus, we may choose the transfer function of the compensator to be

= (s+£)(5+/D)
G5) = K PR

vheretleamensatorpoleatsz—bneedbedeteminedbaseﬂmtheangledeﬁ-
cia:cy The angle deficiency is

aAngle deficiency = 180 - 135°- 135° + 126.8699" 36 8699°

'meempensaborpolemstprovideanangleof-ss.asgg‘ . From the diagram |
‘givenbelwwefindbtohe-g.3333 S

..;p fJ * B A. _* ) ;I. 0

-9.3333

' iim,thecmpensamcc(s)canhegivenby

s+ s)( s-l-/)
Go6) = k S+8£33223

'meropen-looptzansferfmnbibnhemsas_folm: :
e KCs+EI(S+7) o Kes+/)
F£166) = (s+23323)5%(s+¢) s*(s+53333)
The value of . gainxcanhedebemﬂ.nedfmthemgnitudeconditim.

' K(s+/)
| st (S+?.3;33)

-

;z-cuf;;sc

l<=’ $’+733338"

l s+/ ,v—f-t}‘ .
ﬂmevalueofgnainxcanhedetenﬁ.nedeasuybyuseofm Seetbefol-.
mmnanpmgra ,
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% ***** Determination of gain K ****+

a=1[1. 93333 0 0}

b=1[1 1)

s = -4+j*4; -

K = abs polyval(a,s))labs!polyval(b.sﬂ

K=
42.6665

" Hence, the compensator becomes as follows:

G.() = ¢2. 4555 -SRI +1)

S$+7£7233 _
The closed-loop tramsfer function of the designed system becomes as
6 . R EFES S - Q24555

ReY ~ s3+g, 37335t + $2. 40455 + «2.6645

ilpfonadngmMprogrammthemit—stepmm. which is

shown below.

9 sesea Unft_stepm ' X2 7T 2
numc = [0 O 42,6685 42.6665];

denc = [1 9.3333 42.6665 42.6665): -
step{numc,denc) -

i%('mﬁt-step Response of Compensated System  (Problem B-¢-23)")

I
z T
1 Tb‘f-i 2 5 3
- -102-
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'Iheclosed--looppolesaxelocated ata~—4+j4ands=—1.3333asseenfrm
the following MATIAB output.

roots{denc)
ans =
-4.0000 + 4.0000i

-4.0000 - 4.0000i
-1.3333 -

mmmgmmmmmmmmiswmy
- wandthesetuingtimisapptmdmtely3sec Hence, the given specifi--
caticnsaremetandthedesxgnedsystaisacueptab]e -

. B624, mme closed-1oop transfer function for the system is
- qg)___ K : 2
- RE) ™ 25 S+ KKz +K sy 1t kK o4 K
Franthiseqnaﬁax.ﬂewl:sin Z =

8 .

o ; » 7+ KKy
- “=yg .  Hes
- Since the damping ratio ¥ is specified as 0.5, we get

2 , At

> )y = H-kk..

=

'mere'fozef we: have
: A+ ICIQ

'n:esettlingtimisspecifiedas
¢ Z -l

ty = = €2
, 57 Sewn ('I+KK3)/7- 1+ KK, €2
.Si.ncethefeaifomardtransferfmehione(s)is
K _ .
- 25! 4 _K [
q(:J-_ I+ 557 0 - EwitERs T

v—-&“"s (3 -
K=L50sa6) =G s rmmm ™ = rree
" This value must be égual to or greater than 50. ’

-103-
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/+:K. =\[_;g,

/6
—RE <2

[+ KK,

=250
o< <1
- From Equations.-(1) and (2), we get

FE 11KKy = \,ZK

22<K
- From Equation (3) we cbtain _
£ > 1+kk, =yEE
K%rlﬂo

Ifwechooeax--soooy then we get

/KK = =2k = /00

=0, 0/58

& =5
m.wedeteminedasetofvalmsofxmdxhasfoﬁm
. K= Seoe Ak =oc.0r95
Withthesevamesafxandxhymspeciﬁcationsaresatisﬁed.

nditions to be satisfied can be summarized as follows:

(1)

(2)

(3)

B-6-25, me'dnsad-méperamferfm&idxis' |
z,(sy K : | K

R~ stnstD+ 02K 11K 5% +3S F 25 +o.2KS+K

i mmmm-mmmummu
S=Z:t){-x

wWw.it98.ir
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mmnq'a=x+j&mmghechammsemeqmum. we cbtain
(29F2)° +3(X+WF)" + 2 (XD +Hd2k X+ FD + K=0

or - . .
—PX- X"+ 2x +o2k2+K + 2T (3 +X + otk X) =0

pyequatingaie'mlpax‘tand;magimryparttém. respectively, we obtain:
~8AP— 4 rax vozpx + Ko @

3+ X+ oskz =0 (2) ©

Prom equation (2), noting that x # 0, ve get '
X+ /+O./K =0

K=—/of3x +7)

_r'mmﬁwﬁmmmﬁmmm»m.wm

EX3+ (222 +30x+1p =0

ans =

-0.5622 + 1.73543.- 1
-0.5622 - 1.7354;
-0.3756

" The value of x must be real. Hence, we take x = -0.3756. Thus, the dominamt
2 0

o S=-—02r56k o508
The value of K for the dominant closed-loop poles is oStained as

K=—ro(zx+/) - |

=—~/0(~3R 037 54 +/) = [.268

-105-
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% LA 2 2 3 u"it_step response L3 2 X2 2]

num=[0 0 O 1.268};
den =[1 3 2.2536 1.268
t = 0:0.05:20; -

¢ = step{num,den,t);
plotit.c}

xlabel{'t Sec

.We('Unit-Stg’p Response  (Problem B-%4-28)")
yiabel({"Output cit)")

_ The resulting unit-step response curve is shown below.

Unit-Step Response  (Problem B-5-25)

12

1 1/\\

N,

a;k / L
iy

. B626. The characteristic equation is
; \
s¥ts+2)

(s+x) +/ =0

méﬁia-rasetheﬂdabledismtamdplyingfactot. " Hence, we need to

. rewrite the charactristic equation such that X becomes a maltiplying factor.
Since the characteristic equation is ,

' ' S%425 4 25+ 200 =0,
we rewrite it as follows: )
: 2
/7 + =0
- 834252428 A
Define K =08 . Then, the characteristic equation becomes

~106-
wWw.it98.ir

1,

"8


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

/N, et syqlis il

B -uit &
\-_ (LTQTTRTT] 2k

Aroot-locwsplobofthissysteumybeohtaimdbyenteringthefonoﬂng
MATLAB program into the computer. 'Iheresultingroot-iocusplotisshaunbelm.

% L2 4 2 2 ) m_m p’ot teese

num=[{0 0 0 2

den=[1 2 2 O .

K1 = 0:0.1:10; K2 = 10:0.5:200;
r = rlocustmn,den/;

r= num, M

P'Ut‘l',"‘.’ .

hold

Cme[tg p% held o X
X = -2l; y = [0 3.464]; inoix,
v=1[3 1 -2 2% axis{v); axis('sqgr&‘)

grid
title{"Root-Locus Plot
xlabel{ Axis');
yiabel(*imag Axis')

- qunthearoab-lomsplot.thedomimntclosed-loappolesthatcorrew
— ~ to the damping ratio ¥ of 0.5 are found to be ‘ .

= =2, gtj o866

8 .

o mmueofxmrrespmdingmﬁhedmimbcloged-looppolesiswbainedés
L - -_ K= I (et 2s42) ) = 0.5
= 2 | S=~o.51 ) 0.566
.
> . " Rool-Locus Plot
i \ /
\

s

IR : A - +"f\\\._
N\

‘24 25 <2 45 4 05 o as 1
pois
-107-
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s o o . -2 Closed-loop transfer functiom is
: (s*—/x. /0 (S+/70)
el _ S+S5 /) S(s+/)(5+70) +-/0ksS
sS+ie\  s0(s+m)

S+s ) S{S+/)St+r0)+ 10k s

'ﬂns, the characteristic equation is

./+ (y.'./,# 70 (st+/0) - =0
st38 /) S(5+/7)(s+/0) + /okS

sincethevadablekismbamltiplyingfm,werewribetmdambeﬂstic

equation as
G46)s (s+)( 519 + (St /oks + GHAR 0 (5478 = ©

which may be rewritten as »
10(s+5) ks

GH+R)( 5’1652 + /65 +/9
or
+ /0(S5+E) s — >0 '
G+2Ustw)(s+215432)(5+2— /73?.)
Notice that the open-loop poles are at 8 = -2, 8 = -10, and 8 = -2 + j1.732.

Amotm;plobforﬂesystamybeobbainedbyeubeﬂngthefonaﬂng
MATLAB program into the computer. 'l‘heresultingmcb-locusplobisslnm
on the next page. _ _

% ***** Root-locus plot ***es

num=1[0 0 10 50 O}
den=[1 16 75 164 140}
auma =0 0 10}
“jdena=1[1 11 20
_docus(num.den)

Cmrentpmrndd
aedoastnuma.dena!

plotia,’-) o '
v=1[15 5 -10 101; axis{v]; axis("square®}
;; [0 55y = [0 9.5263]; lineix.y}
title{"Root-Locus Plot"). :
text(-12,3,'Asymptote’]

~ -108-
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" With k = 9.08, G(s)H(s) can be given as

_ ' ':m ﬂ

-15 -10 ] 0 . 5
. Res! Axds

naedadnanhclosed-locppueshavingﬂammioeqﬁaltbo.Sm

Mf%ﬂnmmhﬂngmangleofw?o:-so‘ﬂbh‘tmnegaﬁwm'
axis. - intersections are iocated = -5, «90. gain value
15 obtalued o _ at s _-5141-._1890 The :

k
' £ =, (s+2)(: s--r(b j(s +2 4+ j/. 93?.)&:1-2 -~ 4 732)'« -
_ , /0 (s+8)s S ' : l's-'-mﬁ‘t.ﬁn
= 7.08 - | ' | |

 rseae . /o(s+ro) -
G#JH(:)— (5.,.;-) S(s+1)(s+/0) + Po0.85

mstgucwubdtymmmx,u - : -
Ky = L 5 G6) HE) |

o Lo s[SHAEYN prs+0)
Sor S+ S[E+i)s+r2) + 5.8,

0029978
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ion of the System is
Crs) K
| Re) ~ "o (It s T
The Cbaracueristic equation for the is
.  SHSt Kl sip=p
Divide thig ic equation by 82 +'5 ang define
- k(t'z,.s'-f-/)
7 GE) "\:?;\”
- Note that G(s) is in the form suitable for Plott
locus

ingtherootloci.

~ in Figures (a), (py ond By =

= 0.1’ Kh
and (c), respect vely. -

%*'%‘ao“’.~

» n-ctq..ma.ow’oq

—

& <4 & =

(b)

: | X - .The closed-1o0p poles when
’ b f LF K=10, ky = 0.1; K = 10,
g -sj o1 /| - E=03 k=10, K =05

are shown by ® in Figures
j"‘ . -—*—f — - (a), (b), (c), respectively, -
T e e 1
<)
il‘l(:.,k
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eem —3ed-loop transfer function when K = 10 and Ky = 0.1 becomes as
follows: , ‘
(6) _ /o0
o RE) —  Sre2s +/0
The two closed-loop poles are _
: o S=—£}3
'I‘heclosed-looptransferfmxctmnx-mandxh 0.3 is
céE) _ /o
. RG) T S +¢sti0
- The closed-loop poles are located at
~ - . S=-2+jJF
Similarly, thecl@d—looptrarsferflmctimmx=10andxh OSis
: <7 /0 o
R6)  s*+Es+tm0
The clwed-—!.oop poles are located at
| s=-3%j
nnemit-suaprespmsecurvesfortheabovethreesysbawareswminthe
= - figure shown below.
2 14 Unit-Step Response Grirves for Three Systoms Considerad
. K=10,Kh=0.1
_ 2l J
= K=10,Kh=03
2 1} e
=
osf J
£ S _ _
EE K=10,Kh=05 -
C
os}- ' 4
o4} 4
o2t 4
% 3 2 3 4 s s 7 )
toec)
Co111-
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s _B—‘7—'1 -

(a)
(b)

()

| Gol) =0 Fosain (¢4 285°) — 197 coe (2¢-55.3°) .

CHAPTER 7

'meclosad—looptransfafmczmis

C'ﬁ) . ) /0
RG) - S+77

Cx ) =0-905 ain (£+ 25 £°)

P

Br2.

The steady-state output Cgg(t) is

Cor(®) = RE %?m(mu::m B r:.,)

-112-
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) Bods Disgoam of G{e) = (1 + X1 + 20)

™

it 4 u

MMM

; Sani
. ‘/i ’ 1
N ) 4 H
S
\ -
T w ’ T« s
' Froquency Gadionc)
Bode Diegram of G269 = (10001 + 29
, \\L
i
E ¢
f o
R |
_ k \|
[
“ ; -
"a« »* w* 10" "
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B-7-4, The following MATIAB program produces the Bode diagram shown below.

% ***%% Bode diagram ssees
mm=[0 10 4 10];
den={l 08 9 O} :
tiflo(Bode Disgram of G(s) = 10("2+0.As+ I Mis(s"2+0.8549)])-
Bode Diagram of Gfs) = 10(s%+04v+1)jets™+0.80+3]]
4 \_\ .
2| R S /) <
F 0y \\ : N
B o ) s 5 axt
. E 3 / >-
i i .
00 g 'Qﬂ P 2

9
=
=

t
)
-~
y 1

Ww W.

_B-7-5. Noting that
o \

oo - :w"
G+ 250 ()‘w)"'%_ (J )+a;(, %)+ !

6g'w) =

/ | /‘ |
,GJ%)I ’—/+2; * 4/ '2.25
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s+0.4
€)= si+st+/

- The fouow:lngmprogramproduces the Bode diagramofG(s) shown below. Notice
thatthephaseeurvestartsme‘andendsat 180°.

% #+++¢ Bode Diagram **+s+

ﬁnm=[0 01 05]
‘den=[1 1 0 "lk.ﬂ’
bode(

wmdm-w .

Phase (deg); Megnitade (48)

\- 8 8 B& s 4. o

abv,gtify;ihy'theplﬁeeanglestartsfmo‘andendsat 80°, compute
angles /G(jO) and /G(joo). s:lnce ’ * i

4{3)  stos
. (suﬂrz)( S—s232p~F o 7726)( s-o. 2-32““.1’ 772‘)
we

469 = /"f =44 w54 ~ [~o2228 ~ ja-75’2/ = . z}zi-o-)a P26

ot O 7926 -1 _07926 - .
G 2.2328 + o.2329 =0

= p’— 0’
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-t -r__®
90°— 90° E.._"z?zg G Ty

G 162

M

i

96° —90° + 90°+ P0° = /80"

- B-7-T. lypicalNyquistcmrvesforthecases (a)and(h)aredmwnbel&w,

() . T> R0, T>7E>a hf

h!

@ Ta>T>0, T>T>0

r

Nyquistpmbsofm@lesystesﬂabhelaxgbome(a)andease(b)arem

below.
0
m .
N y PNyt Ploks:
- o8 .
=
- esf
= o4

imag Ade:
e

i

- -

§

"‘\*
\
I

t
'
&

=1 o

_ 711§"
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BT-8.

"-mmqwxwmwfmmmﬁth.

= K(/-Jw)
G = EL

isthﬁ-ﬁbeéregbexﬂgn«l.or

K</
ﬁmmmmx>o.mwimmmmru

/1>K>0

B-7-9 . Aclosed—lonp mﬂwmm@m-mmm@

setr= sy (520

hmme.vhileaawea-loopmﬂthﬂufonmm

] fmcbim is stzble

6mmﬂ=§%%§3-(ﬁ>z?q
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- ist plots of these two systems are shown below.

'- T
GE)Hh) = s"—Lms%o (Unstable) ﬁ
— » oot
- = ' :"F i Ke
G 6) = SCE2D) (st ble)

T (R>T>0)

r

it 98.

Ww W.

The system is stable for both K = 1 and K = 10.

_ B-7¥1 1. __
| ke W
,_)w

/GQ'@HM = [ernzw—jaizew — "

GG /(yw_)';

— -—2” ..?od
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A “‘“”“*“g""" gle becomes equal to -180° at 24/ = & /2 rad/sec. For stability,
. voe magnivude [G(jw )H(jof)|at w= % /4 must be less then unity. Hence,

- epon]= -

e reguire that K < #r/4 for stability.

.<,B—7-12_. The following m pmgmiin produce ﬂ:equnisb plot showm below.

% ..ffif N"qt“ pht ...’.G.

num=1(0 0 0 1j; -
"den=1[1 08 1 0O}

v =[4-4 -4 4); axislv); axis{'square"} i
{"Nyquist Piot of Gig) = 1/lsie~2+0.8s+1)')

:1: Nyquist Plof of G(s) = 1fs{s"2+0.8e+1)]
1
£ - -—
-1
I ) 4 0 '1 2 s 4

_B-7-13. Note that G(s) has two open-loop poles in the tight-hais s plane; &8 .

p=01 0.2 1.1
rootsip}

0.2623 + 1.1451
0.2623 - 1.1451
0.7246

- -119-
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\.._' mu,u,‘ugﬁg..- gmprograpprOMtheNyquistplotshombelw. _

‘ % SRS NN NYQUiSt Pbt SN

num=[0 0 0O 1}

den={1 02 1 1}
nyquist{num,den) )
ve[186 185 -1.5 1.5} axis(v); axis{"square’)

_ title{"Nyquist Plotof Gis) = M5"340.28"2+3+ 1)1

Nyquist Plot of G{s) = 1s*3+0.28"2+5+1)]

1.5

R = o o S

N

© i _

o ) o :

B ! ' B FR e o5 1 is

= ) Resl Axis

= ‘Fxmtheplotnbtig’ethatthecdﬁcalpomb(-hjo)iamtmimled. Because

tlierearetmope@looppolesinﬂarighb-lausplaneandmanuemeof
the critical point, the closed-loop system is unstable.

. B-7-14, ‘I'he fonowingmpmgranpmdnces the Nyquist plot shomoutbenexb

% SRERS qu‘m *t "’...'
Joum=10 1 2 13
den=[1 0.2 1 1);
nyquist{num,den)

title{"Nyquist Plot of Gls)=(s"2+2s+1M/is*3+0.25"2 s+ 1))

Since .G(s) has two open-loop poles in the righb-half s plane (see the solution
to Problem B-7-13) and the Nyquist plot encircles the critical point (-1+30)

-120- .
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rclockwise, -the system is stable.

 Nyquist Plot of G(s}-{e"24 28+ )I(s'340.25245+1)

SR
LA TN
o |

¥

3.5 -2 15 -t 05 ] a5 1 1.6

B-7-15, The open-loop tramsfer function is
/
G) = SCs—/)

'Ihepointscorrespmdingtos-jmands-jo-cnthelomsofc(s)inthe

~ 6(s) plane are joo and -joo, respectively. On the semicircular path with
. radius g (vhere g«1), thecanplexvariahlescanhevr:lttenaspa

s=re’?
ﬁmeevariesfm-go to + 90°. Then G(s) becomes
;6 Y NS & —j(l-i‘-/l‘a‘)

saniciraﬂardebouraronndtheoriginﬁntbesplanempsiubotheephne

- "as a semicircle of infinite radius. Figure shows locus “
. G plane. {[Figure (a) 1sshmonﬂ:enextpaé:)] the 6(=) mthe

S:lncee(s)hasmepoleintherighb-halfsplane P = 1) and G(s) locus
the-l-l-jOpoitrtcnceclodmise(N 1).Iel(nave ) .(sj :

2Z=N+P=2

ﬁnrearemzerosofl-n-c in \ ‘ . in ~the
re | (s) -tlaeright—halgs?lane 'me:eeote.bhe

- -121-
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F,,wv,e @ -

B’-T;: sincee(s)hasnopolesintherigh‘b-halfsplam thestability
the Nyquist locus for 0 < & <0, -

Forthecaseofﬂ:eNqustplatslminﬁgure%lSNbL -1+ j0

pointisemlmdbytheﬂyquistplotofc(jw)foro<w<oa. [See
Figure (b) below.] Hence, the system is umstable. . -

Inié L _ Iﬂlﬁ

(a)_ L , ' _ (b)

system can be-studied by checking the enclosure of the -1 + jO point }

If the Nyquist plot of G(s) is as shown in Figure 7-158(a), then there
no. enclosure of the -1 + jO point. {[See Figure (a) below.] Hence, the -

B-7-17. ccnsiderﬂxecasevhetee(s)haswepoleintmrighb—hufspune
From the Nyquist plot of G(j«’) shown on the next page, the -1+jOpo:lnt:ls
counterclockwise. - Hence

encircled by the G(j&’) locus once clockwise and Gnee

T N=0.' SinceG(s)Iasonepoleintherighb—lalfsphm.ﬂehaveP~1.

Z=N+P= o+l -l

the sys!:au is unstable.
-122-
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NIF m""m‘“gﬁ”" nsiderthecasewheres(s)lasnopoleinthe,righb—ﬁalfsplane,-
but has one zero in the right-half s plane. The -1 + jO point is encircled
by the G(j@) locus once clockwise and once comterclockwise. Hence, N = O.

Since G(s) has no poles in the right-half s plane, wve have P = 0. Therefare,

G=NtP=0+7=0

The system is stable. (Note that the presence of a zero of G(s) ‘:ln,the‘rigihtm: “

- balf s plane does not affect the stability of the system.)

:A’e.‘ ) |

L K (s+2)
g6 = SCs+/)(s +r0)

A MATIAB program to plot Nyquist diagrams of G(s) for K = 1, K = 10, and K = 100
is shown below. m:e_sultingnyquist_diag:ama:esmenthenembpage.-

J9% %% ¢ e Nymist Diagrams ¢ ¢ * ¢+

: - jmeme=1 2} -
/ fden=[1 11 10

plot(rel i

v=[2 2 2 2% sxis(v)
gid :

ke Nyquist Dis .
ylsbel(Tmag Axis’)
text(0.1,-0.75,X = 19

text(0.1,-1.25K = 10)
exi(-1.6,-1.25,K = 1007)
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2 Nyquist Diegrams
15
1
o5
2 -
: // e
-4 -
K+ 100 / _ ' K=10
a5 /
o 2 45 a1 os o s - 1 15 2
o)
o B-7-19,
2

t

G& = SGiCst) _ :
muyquistdiagzamsfore(a)and-e(s)aresymetricaboutﬁnimgimzyms

Ww W.

below. lheresultingNyquisl:diagmsareshommthemtpage

% *44%* Nyquist Diagrams of G(g) aﬂ-G(s)ff“f

muhi={0 0 0 2}
jdenl=[1 3 2 0O
som2=f0 0 0 -2}
den2=[1 3 2 OF
| myquist(pum1,denl)
Curvént plot held

nyquisimm?,den?) -
.v-[-44-44I;ms(V)

M 15-'15-«3)')
text(2.2,-1.5,“G(s))
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Nyquist Disgrams

Imeginary Axe
o

Ty
EPR

MM M

B7-20, o ,67.-{ 9= 10
Sy 65+ (v Jok)S

A MATLAB program for plott:lngnyquist diagransofe(s)fork 0.3, k.= 0.5,
and k = 0.7isshownhelaw. meresultingNyquistdiagramareshomonthe'

next page.

%"."Ww.‘ttl

nm=[0 0 0 10}
denl=f1 6 8 OF %k=03
jden2=[1 6 10 0} %k=05
den3=[1 6 12 0} %k=07
w=0.1:0.1:100;
freLim1,w] = nyquist(uum,denl,w);
fre2,im2,w] = nyquist(oum,den2,w);
[re3,im3,w] = nyquist(men;den3,w);
plot(rel im1 re2 im2 re3 :

. ,in3)
v-[-l.s 05 4 4L axis(v)

WDM
xiabel(Real Axis')

Axis)
text{-0.25,-1.5,% = 0.3")
| texi(-02525%=05)
text(-1.25,-1.5,%=0.7)
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Nyquist Diagrams

=

"N

1
. _§a -
k-o:r-—-——7/ c— k=03
-z% e '
| ; k=05
s .
45 4 a5 o
~ Reslfols

_B-7-21, mmmmmmm

plobsf:xﬂ:eimt

qmmﬁmmmwmmmmqmmm

Ba[1 ;1 0]
C={1 00 1}
D=[0 00 0

*n;ooo W pbts sasas

9% *++v+ Wi shall fist obtain Nyquist plots when the input s
% ul. MmMMNmMmhMB

-126-

WWW.-i;[98.ir

'xwmm&&C:ﬂD"‘“
A=[1 165 o]



http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

QW. Olelibl glis (aail

: -
\_4 u.num.itgiiir

The Nyquist plots obtained by this MATLAB program are shown below.

% ***** To obtain Nyquist plots when the input is u, enter
% the command *nyquist{A,B,C,D, 1)’ s+++ -

nyquist(A,8,C.D,1)

grid _
title("Nquist Plots : Input = ul (u2 = 0))
text(0.1,0.7,'Y1")

text(0.1,2.5,'v2")

%"‘“Ned,we*shallob(ainNyqtﬁstplotleenlheimis

@WMB.C.D.Z) |
title('Nyquist Plots : lnput = u2 @l = 0})
text(0:1,0.5,'Y1Y) .
text(0.1,2.2,'Y2")

MM M -

Nyypolet Plots : Input = ot 2 =)
T T T
_ N
o N
D
% s e as 'I 15 F J—T 3
s
s Nyquist Plots 3 gt e w2 fut = )
v N
. N
L }
e
4 / A -
4r TN ~ //
B R R ¥ T is 2
R
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: g |
\ZIF m.m.ugiidr lbefmcﬁngmmnprogm ]
g f:odms the Nyquist Plot for Yy(jw)/

e g ——— ¢0>0.

9 8 .

t

Ww W.

% 2rsaan Nyquist plot **s2ee

A=[1 -165 o],
B=[1 1;1 o}

C=[1 00 1j;
D=0 00 o
[re.imw] = ayquist{A,8,C,D, 1);
rel = re*[1,0];
im1 = im*[1,0];
plotirel,im1) .
gﬂi:('Nyquist :
] Piot for Y1Gw
xlabel('Reat Axis) WMM
Ylabel('imag Axis?
Nyslet Plot for Yiguitst g}
N
e
rry r 2
¢ replace the . .
Pht(mcmpm%?m

s+

Y,
Qz T
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— _@ave

d‘w,‘-}-l =WIF) da}l"'-‘—/

Solving for a, we obtain

.d =(—‘é.-)% .;-=-a, &e/

B-7-24. A Bode diagram of the system is shown below.

%
a\‘\\
- N :
. N
0 .
, i 3
— fetet 5 -
TN
$ s N\ -
' - . ~fy - = \‘. e ad
| | RIS |
B to- " = R » \s
-' : 1l NSt
?3.: | ] N

61 02 o346 7 2 £ 4 X 2 wde
& 2ad/zen -

FrcmthisBodedia@fam,wefindtheplmsem:ginandgainmrgintobeZ?’and
13 dB, respectively. »

“ M M

]

g

'Ihephasemrgin,l gain margin, phase crossover frequency, and gain crossover

frequency can be obtained easily with MATIAB. Use the command

[Gm, pm, wcp, wog] = margin(sys)

See Problem B-7-25.

B-7-25_.

G6) = 20(:-!-/). _
S(s*+2s+12)(5+5)

. nxepMsemtgm,'gainmrgin.phasecrosswerfrequency.‘andgaincrosswer
frequency are obtained by use of the command )

[Gn.pn.mp,vcg]=mrgin(§y§) Lo | .-

-129-

WWW.it98.ir


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

/N, et syqlis il

: - '
NOF ““"”"*"‘3"""' Jram to solve this problem is given below. The Bode diagram shown

peiow veriries the phase margin, gain margin, phase crossover frequency, and gain

crossoVerfrequencyobtainedvith_MﬁAB. ’ ' .

% *44%* Bode Diagram *+**+

mn=[0 0 0 20 20;;
den=conv(]l 2 10 OLf1 5]
sys = ti{num den); - '

- title(Bode Diagram of G(s) = 20(s+1)/[s(s"2+ 25+ 10)e+
[Ompmwop.mog] = marginteyy,

99293 103.6573 40131 04426

. Bode Dingrae of G = 20fe+ o™+ 20010553
_ o
(o0]
[ : N EPTIHE
- ' i .\\"\3
_ g 50 5 L
1 \‘~.
i | - : -
2 P o 5
B '
100 —1 —
_ _ 45 \\
200 ~1 n
. 250 : B f
200 i - -
10* o026 5° 1073 w0 : 1w’
K . a.258°K

’ 6(‘)"""" 5(534-3“"') =< S[d.zfs'"»""‘ 0-25'5"‘/)

The quadratic temm in the denominator has the undamped natural frequéncy. of 2
rad/sec and the damping ratio of 0.25. = Define the freguency corresponding to
the angle of -130° to be &;. . 5 o

-130-
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[GGw) = —[jw, ~ [/-025w+ jo 25,
==90°~ L ' 2FYy . _ 3,0
/~a.zsw,‘ ik _ .
Solving this last equation for @/;, we find = 1.491. ‘Thus, the phase

angle becomes equal to -130° at @ = 1.491 sec At this frequency, the
mgnitndemxsbheunity,orls(jwl)l-l. The required gain K can be deter-

_minedfrm

IG_()'AI‘?I), —-[ _ 0. 25K = 0.2890K

G /5‘7/)(""-53‘-*‘-:-') 0.3725+/)

Setting |6(41.491)| = 0.2890% = 1, ve f£ind

*mmtthepbasemfreqtmis at & = 2 rad/sec, since

[G(2) = — [j2 — /—azsxa*vozsxjzil =90~ 90 = — /xo“

 The magnitude |et32)] vith K = 3.46 becomes

0.565
l%z), l(;z)(-/ +0.55 +/)

'mns.thegainnarginisl.zedn. 'meBodediagtaQofG(jw)ﬂﬂiK=3,,46

= 0.P4S = —/.26 dB
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JWtol 10 . 2k (05w +1)
| JWt+o.s jw(jwt]) IV (250 +)(jw1)
We ghall plot the Bode diagram when 2K = 1. That is, we plot the Bode diagram
of R
. /70 jw 1/
G(w) = ‘j
. JO (04 Gw+l)
The diagram is shown below. The phase curve shows that the phase angle is -130°
- at- W= 1.438 rad/sec. Sincewerequirethephaeenarglntobesoingﬂiemgni—
tude of G(1.438) must be equal to 1 or 0.4GB. SmcetheBodediagramindicabes
thatG(l .438) is 5.48 dB.uemdtod:loosezK-—-—S.@ -dB, or
K=o, 268
*
\\ '
. s "
-\\'\
— &5 . -
— ° wrttudred N‘Jﬂu
7T
. E \
© ‘
- . _ : 41 ’
= - |1 1
= _ —ﬁr" n : -
= - N
sl BN i e N OO
o] s G0k O/ 42 g 06 [ 4 2 mc;f’”

B-7-28. Note that

o M/ae

s:lnced;hepinsemnesabovathe-m‘nneforauw thagainmtginia
+ 00 dB.

| K 2K
G6) = S(st+ S+o.5) S(2st+ 2S +)
weshauﬂrseplobaaoqediagranotc(jw)wmxeo.s. That is, we plot

‘a Bode dlagram for

.7 S
Gw) = : —
é‘)u) Jwl 2wy +2jw-+1]
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——————_below. By reading the magnitude and phase angle values at each
frequency point condidered, the log-magnitude versus phase curve can be plotted -
as shown below the Bude diagram. By moving the curve vertically, we can shift
the curve to be tangent to the M = 2 6B locus. The vertical shift needed is 9.3
dB. !!ntis.ifwlmthecurvebygdda.theuitiamgazthothen=2dﬁ
lJocus. Therefore, we set

Solvingthiseqnétionforxdeteminesthedesixedva;mofxas
K:ﬂa/?/?‘
.
_ . _
A
= -
- SN

NNIITRIN

s \ -~
I N
- -1
ﬂT\ _
_ \'\
: =29
Cel 4er 808 af 43 4Af / 2 % 6 /o
& A fhee
] N | g
1 !'\
-w-ﬂol > Y
. ‘-o.a X‘-

AN 5'® \ ;

e _
£ > = O.A K= O.1714 o
g, '
O m O . T4 .

- =D .4 / A

W 2
- : ,

-1%0° : ~90° o°
-133-

» WWW.it98.ir

'M/\/\M:..

]

' 8


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

!*W' Olelibl sglis amil

: -
\__- umlmthilL‘.r

9 8 .

t

Ww W.

B-7-29. Referring to Figure 7-9 and examining the Bode diagram of Figure
7-164, we find the damping ratio T and undamped natural frequency (), of the
guadratic term to be

$ = 0.1, &n = 2 rad/sec

Noting that there is another corner frequency at #/= 0.5 rad/sec and the slope
of the magnitude curve in the low-frequency range is -40 dB/decade, G( je)
can be tentatively determined as follews:

((20)
GGew) = - = .»
| (J”)z[(%“—/-) ;I-a,/()'w)-r/]

Since, from Figure 7-164, we find [G(jO.1)| = 40 dB, the gain value K can be }
determined to be unity. Also, the calculated phase curve, /G(i%¥) versus « ,
agrees with the given phase curve. Hence, the transfer function G(s) can be
determined to be

4(2s+1)
4 =
@) 3*(s*+ o st 4)
B7-80, | | e -
_ '. D .
P 48 - <
o 20} \ -
k4 ‘ P : ' >.'- ‘
. 1\
8) = 5{1 + -
Gels) ( 23)_ il %__,.
/,——",
.»./ -"
D T PV Y YVl R X
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N

AN
P —

Ge(s) = 5(1 + 0.5s)

— _“: N

o}— N

o

-* >> i ..-.__

45T
ail. |
o e o1 82 &F ¢+ 2 £ 4 P
o B 0#“/‘“
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: Fmﬂamdediagzan, xdmebedxomtobe-m.«tda.ct

mmm&uemmtbeo .
- rye g dnumatahuutd-o.urad/aecm

Simmmmwem&equmywbeo.zsradhu.vegab
: | Te= &

Kt =—2/ 2 4B

= o, 085

| Ke(1+Tas) = 0.0 85¢ (1+¢5)
‘I‘hen, tbeopen—loap transfer -function becomes )

a.at.r/ { 7+ ¢s)
6{’) - s.g

CQ = 00 gy ( 1+ 52,5)
kp). - Ske028/ (1125

— &s +/
MPS) Stgs )

A Pode diagrm of

che? T g ]
Ry Mot Ge) + pjor )

ugnam.themrage ?zmthisdiagrunsaeﬂntﬁnm:lsm
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_B-7-32. let us use the fouauhg lead compensator:

_L

oeT:-!—l s--;-_lT_
- since Ky is specified as 4.0 séc-l, we have |
Ts+/7 - K
Skt
k"=‘_£f,':‘_ -€ atTr-l-I :(4/:-:-/)(51—1) *"dk 4
' Ietnsael.x=1anddeﬁmxeo( f. fThen
K=4

'""Nex_bfplot;an'pdediagranof :
S(A/H-/)(S#-/) '_ 0.1 1175 +5
mrmmmmmmmasamﬂemm

% %%+ Bode diagram *$%4

mm~=f0 0 0 4
Jdm=1 L1 1 of
bode(aum den)

| i6elBode Disgram of G(g) = /[0 s+ )X+ D))

_]:37..
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: g*‘] ,
\F www.itesds.ir - Bode Diagram of Gis) = Afe(D.1e+1)(s+1))
o ' 160,
s Py MR §
7 ’1‘*\_“ g
o =
| g? -l HimSHE
F ml -
£ o
g 50
4“ =5 ooy
- I
250 ' = =t
1 a? D AR ) 0

9 8 .

t

Ww W.

. Note that

_ qunthis plot, theplagandgainm:ginéa:el‘l‘md 8.7 @B, respectively. -

sgme-bhespedficaﬁonscanforaplaaem:ginofés', let us choose -
P = #5174 12° = gp* |

(ihismeansthatlz‘hasbeenadaedtomtefwthesbiftinﬁngain

crossover frequency.) The maxiimm phase lead is 40°. Since
. - L=l b — e
Mf,—'—'——-',_!_d (ﬁm-—f’ﬂ)

e( is determined as 0.2174. Let us choose, instead of 0.2174, o to be 0.21,

or v

Next step is to determine the cormer frequencies &= anded = 1/(XT) of the
lead compensator. mwmmmmﬁe oa:tﬁlsat)tb .
geometric mean of the two corner freguencies, ora/= 1/(JKXT). The amomt of
the modification in the magnitude curve at &= 1/(J& T) due to the inclusion of
the temm (Ts + 1)/(xTe + 1) is : . _ g

[erjor | £
N NI L 74 PR R~ §

/ s '

We need to find the frequency point where, vhen the lead compensatar is added,

the total magiitude becomes 0 dB.  The magnitude G(jcJ ) is -6.7778 B corres-
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ponds to w= 2.81 rad/sec. Weaelechthisfreqnencybohethenewgaincmss—
over frequency &/o. Then we obtain :

=R, =0zl x2.8] = 1.2£07

L . @ 24

=

®T = J - | JOTZ-I— =6’-/3/?

' S-l-/.ééw ‘
' 9‘6') =k“ 8‘1-‘6.!/3/7(. )

k"-= of — 0.2/

‘ 6‘[:) - ¢ S+A2877 — OPPEE S 4 V4
O S+gr3/9 O. /53085 + ]

- The open-loop transfer funciion becomes as

This open-loop transfer function

margin of

margin are satisfied.

system is

B DPEES ) : /
6l Gs) = ‘
_}67" ) G&) , # o-16308st/ S(0./5+/) (s+/)
R foEES + &
Golf3 et +0.29085% 4+ 1. 263/ 6~ +S

a—
[ ==t

yields phase margin of 45° and gain
13 dB. So, the requirements on the phase margin and gain
The closed-loop transfer function of the designed

£6). _ _SL06F S+ F ,
RG)  0.0/63/ ¥ +0.2798 57 +f263/ s+ w sosgs +F

ne:bpa»ge.r

| nimc=[0 0 0 3.108¢ 4i

% ***** Unit-step raponsa srane

denc = [0.01631 0.2794 1.2631 4.106¢ 4%

flel Unit-Step Response af Compensated System  (Problem 5.732) )|
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Unit-Step Response of Compansaied Syster  (Problems B-~7~72

o5 1 1.5 2 25 3
Timn (vec) -

smixarly~éhefonwing'mp:ogrmpmdwthem1tm' » response curve

% ***** Unit-ramp response ***5+

numc =10 0 O O 3.1064 4]
denc = [0.01631 0.2794 1.2631 4.1064 4 Of;

t=0‘0.01.5‘ denc,y;

plot(t.c.t.ﬂ o .
of mB-7-32)1)

nﬂe( ,ts-!gmpﬂesponse Cmensamdsvm ~ {Problem B-7 32) )

ybbel('Unit-Rm;p luputand SVStem Output')

Unit-Remp Response of Compensated Systen  {Problem B~ 772

W
v
5 AL
g o R /‘r/ .
£ 7
fl 1z
B A
: g A
’ Z -
//
Q 05 k] 15 2 25 3 as 4 4.5 3
° igee
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- ' 25 +0./
| G6) =
; - S(s*+o0./s + %)

meplantimlveaaquadraﬁctemvithgao.ozs. ‘Ihistemis te osci-
uamk_“,_mvmgmdumepmdmtheBodediagmofgg)as' '

shosm belowr.

”mmmm o

fmm=[0 0 2 01}
den=[1 01 4 o%;u);
%&@"W

Cg) = 25+a./
R(G) S’-l-a./s“-l-é:-!-ﬂl _
mecloaed-looppolesofthemsatedsyseaare

8= ~0.0417 + 32.4489 -
8 = -0.0417 ~ J2.4489

s = -0.0167 -
Bods Disgram of Gi%) = (20+0.5Mels s 0.1914
- . _ 1 \\\
i |
4“ f
50
| %
200
i w* 10" 1" 1’ 10"
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% (L X2 3 3 “ﬁt m mpm li'll»ll

num=[0 0 2 0.1
den =[1 0.1 6 0.3k
step{num,den)

title{"Unit-Step Response of Uncompensated System') |

. U Siep Reaponee of Uncompenesied Systen:
1 —
JL ]
RN
o1
o = %0 I =0 0
o (eec)

- To.design a compensator for such a system, it is desirable to cancel the
zero of the plant, since it is located very close to the origin. It is some-

: | f+2)?  s+q
Gl = ke (St 25 +0.]

;whereuehavedmsmtbedoublemats=-2anddwh1e§oieats=-lo.
The value of a is determined-later. ~ Since the static velocity error constant -
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Ko = Lot 5 G:6) 6

t -
=L i Gt sta _zs+e/
sd0 1ea’(3?tvq)‘~;zswizl s(s*1o./s4k) -

Hence, ) ;
' Kea = 40

By seversl MATIAB trials we find a = 4 will give a satisfactory result. There-
fore, we choose a.= 4 and K, = 100. Thén, the transfer function of the com-

- =00 St2 _sip s

o Ge &) =/00 orys vy _gé
DG = Lee st (sre) -

q %t (S+re)r s (S"-;-p_f/;-f-g_) z

-t s-*+aaé;‘+aaao:+/£oa. .
D St 20l + s S3+ PS4 So0S

TR By e e of Glelo).  im et

% *++%+ Bode diagramn *++++

mun=[0 0100 800 2000 1600}
-den=[1 201 106 90 400 O}
w=logspeoo(-1,2,100);
bode(num,den,;

enw);
tifle(Bode Diagram of 100(s+2) 2(s+4)/f(s+10) 25(s"2+0.1s+4)])

A Eaaaﬂsnadediagm. ﬁisseenﬂatlivelsee"-. mmum-
- mately 50° and gain margin is +.00.dB. So, all the requirements. are met. |
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| Bode Disgrem of 100{e+2)(e+4)iis+ 10 s{s%0.19+4)]
0 -
1 /4\
: NN
o e
g - "
§F o
- g &H ‘_ /’ ey
-100
- & na
o ® W , <
Jheclwed&oq:txansferfmcbimoftlncmmateﬂgysmbmasfouma
Ct 7005° + 800 s* + Zpps s + lbo0

REY — 55420/t +20653+ 8905t 42400 5 | /600
The closed-loop poles of thecompensated system can be found as follows.

denc = [1 20.1 206 890 2400 1600
| rootsidenc) »
.ans=

-] -7.3481 + 7.21450
"~ -7.3481 - 7.21451

- -2.2424 + 3.3751i
-2.2424~- 3.3751i

-0.9189 ’

% sanse Unit-step m sssae

numc =0 O 100 800 2000 1600} .
denc = [1 20.1 206 890 2400 1600}; - -

:g(m.denc) , -
' ﬁﬁe(’Un&-StepResponseofCompénsamdsv'stem 'lProblemB—7-_33)")'
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step response curve is shown below.

Unk-Step Responss of Compensaied Syslem  (Problem B-7-3 2)

Mmmmmgrmﬁuprodmeﬂemﬁ-rammspmseofﬂecm-‘

- pensated system.

P‘ -

% cesee Unltvtatﬁp response **eee

nmiac,atgo 2% 9 100 aoozzooo 1600}; -

| oo o ) .
t = 0:0.02:10; - > 1600 o);
"¢ = stepinumc,denc.t);

pknuua'zna")

vhbe!(:tom',and [ M"
text{5,3," comw

Unit-Ramp ponseofCompensamdSvstem (ProblemB—?-33r) DN}

Mmit-ranp:éspoésemismmhelw._

: Wmdw&d— ma--;‘ 23)

2
4
] ..
0 k | 2 3 4 $ [ 7 8 @ 10
1{5ec)
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\F mmm.itgﬁdr ' noted that there are infinitely many possible compensators for this

it 98.

Ww W.

~igwwwme A few possible compensators are shown below.
(s+1)?
&+asd(25+0./)
(s+1)*
Gtz 25t0./)

G(5) = 4o

Q((s) = 320

G:(") = /60 St& S+l
‘ St+30 S+o0./223

Go(s) = /2(2, 12 St+28/
: : o Strom/32

_B-7-34, Ietusasmthatﬂnmisawsc(s)hasﬂnfmm

Gols) m b -STSEDTs+) (s+ -.,lf)(s.,.%t) 3
L @E(eme) T ( )

S(s+1)(s+&) K‘ T'.SL""""'Z_D -

K =L, .S"Ci‘-(r) ‘

- S8

kc"-.- /oo

‘G,6) = (00 G(s) = 29 ,
4 ! 56 S(s+1)(s+5)
&fwmmmwmm.MQ(s) as shown on the

Jjom=[0 0 0 100}
S
we= -
bode(pum den;

w);
tile(Bode Diagram of G1(s) = 100/[s(s+-1)(z+S)])
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: :""J
\F Www. it ir - Bode Disgram of G1(o) = 100Asie+ 1)(sés)]
' 100, , -
A 11 T R R
) . =t '
= : e~
g - I ]
. z T
200 L
g o
g 50 { H -’
% amE =y '
- <150 f.
200} <\\\ il
250+ ¥ | "H R
_ - | . ~ [
e w P = p
: © FroquncyGedeed

_hmﬁhdhmmwi&“hﬂmemmmﬁwmmaJMhaw=uﬁnwl
sec. mhmﬁmwﬂemﬁawwmﬂﬁwmxdﬂh&ﬁmﬁqwaw
LEQMw“nwuu&mmuwhmummmﬁuwmmﬁanﬂsmﬂ

_z:mm@mammﬁxmnmqnﬁzﬁ=mﬂ&(hwﬂuhﬁwﬁhuf
b E . J m ! - = .. °
by wg%ﬁf) irst determine ue of £ that provides.fy = 65°. (5
-4 | '
J&ﬁ”= =

11-75- 8+/

we find # = 20 corresponds to €4.7912°, %ﬁnemuy‘mmmmmxm
my choose S = 20. Thus | = .
: *F:Zﬂ.

ﬂmmﬂnmmaﬂgpmyuqmo&ﬂnﬁmehgmﬁMNmmauwmmma

L = =222 o sovas
P72 205 Sh 20.

'&m&ﬂemmumpwmmdﬂamwmmmmmnsu

St 0225 _ oo __REEEESH/
. Stoo/nz2s 82 3889 +/ T

-~
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NEW www.itabed.ir o 1009 portion, we first note that
| | | G,(j2.28) = /0,25 dB

If the lag-lead compensator contributes -10.35 dB at @ = 2.25 rad/sec, then the

nev gain crossover frequency will be as desired. The intersections of the ’
line with slope +20 dB/dec [passing through the point (2.25, -10.35 dB)] and the
0 dB 1ine and -26.0206 4B. - 1ine determine the corner frequencies. Such -
intersections are found as cw = 0.3704 and &) = 7.4077 rad/sec, respectively.

. Thus, the phase lead portion becomes - _ _
| - _Sto37¢ [ 2.6998 s+ \
S+p. k0?7 ~ 20 o./3sost+) |

S #.m’c?#..s;-i-‘ IN/ 267985+ /
- = JO00 v
q,(:) / (x&rms-l-l)_(a./?m; +/

=/00(‘$+o;2z: (Stro37084
\ Sto.enyzs S+ 7 R0277

- | _ '. ‘Then the open-loop- transfer function Go(8)G(s) becomes as follows:
G éxt — so0 [ARERESEL )( 2.6978s41\ ___/
S q‘..m ,é‘” _..._/00 ( r5.58875%1 J\ oszs0st1/ SCs +)(5+S)

1/99. 90 S+ /%, §2S +/00
1257+ 16/.0239S* + $955 16324 5P+ 451, /1985 S+ 5T

9 8 .

t

Ww W.

. -fer function. - o : . ) .

% *¢*%¢ Bode diagram **%**
mm=[0 0 0 119990 71442 100} -
den=[12 1610239 - 595.1434 4511195 5 O}
w =logspace(-3,3,100); : -
bode(num,den,w); _ -

| !hetesulting&dediagfnisslwunm“thenmbpage.
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wwu. ”‘3" w ' Bode Dingram of Compenssied Sylem

100 ‘ T

100 _ . + S
<150 =

Phasae (deg); Magnihude (d8)

88 .8

" 150

200
-250
300

10° w0 - 10" 10* _
Frequency (radieac)

10* w'

mreadtheplasem:gmmmmginprecisely,weneedtoexpandthedia-‘_

grambebweenwclandw 10 rad/sec. ‘This can be done easily by modifying
the preceding MATIAB program. [Simply change the command w = logspace (-3,3,
'lm)towﬂlogspace(oglfmo)] ﬁe:esultingﬂodediagramisshwnbelow

. o _

o ——

10 . \\

g ~|
g 0
o=
|
———
200 . \\\
10° ) 10'
Frequency (adieac)
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diagram we find that the phasemargin is approximately 60° and gain

margin is 14.35 dB. The static velocity error constant is 20 sec-1.
The closed-loop transfer function of the designed system is
B ____ A3%508% + p/ 425 + foo0
RE) /2854161 s + 5955/ 52+ 165/ 5+ 9.5 + /00

ihefollwingmMm‘theimib-steptespmse. The resulting
unit-stepresponseamiss!mhelow. :

9 seese Unit-step response [T

numc=[0 O O 1199.90 714.42 100}
denc = {12 161 595.1 1651 719.4 100};
step({numc,denc) ’ :

_grg('t!nit-Step Response of Compensated System’)

Wmdwm

O 2 4 8 €& W 17 u ® ¥ =
Thoe (eec) : )
nieclosea-iooppoles-m‘ﬁeobtained w entering thefollowing- MATLAB program

roots{denc)

-9.7022 -
-1.6110 + 3.0494i
-1.6110 - 3.0494i
-0.2463 + 0.1076i
-0.2463 - 0.1076!

- -150-
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Notice thattherearemzeros (s--0.225ands=—0.4939)neartheclosed-
loop poles at 8 = -0.2463 &+ jO.1076. Such a pole-zero combination generates

a long tail with small amplitude in the unit-step respounse. .
. mefduoﬂngmprogzamﬁuproduce-ﬂxemu—rampxespmseasshom'

% L2 X X 2] Unit-l'&ﬂm 'espo“se *REEN

numc=[0 0 O O 1199.90 714.42 100}
-denc = [12 161 595.1 1651 719.4 100 O};

t = 0:0.05:20;"
¢ = step{numc,denc,t);

plotit.c,-*,t.t,".%)

grid
title{"Unit-Ramp Response of Compensamd S\fstem }
xlabel('t Sec'}

yiabel(’Output and Ramp :
text{11,7,*Output’; text(1, .'Ramp Input’)

T T 1 11
) L
5
i o1 L
4 /
[ 2 4 8 L 4 10 2 “ " = 2
(G
. " w .
A s h , ‘J"( !j,f ~| .
,a.t._af,;_fv,...:.l.e:..-—f i b1 A ,_; -.Ll.e,*._.«!f‘ ik ” I./_-.-I 25y 4

M - - 1- [

mmln.ll'.i-.lr
/}; (o aé}fj C:‘E-Mf C:S'/;&ﬂ C - razu|
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CHAPTER 8

B81. Referring to Bguation (3-37), we have
(%C,+ ReC)
— — = 3f %2
‘Q&lﬁ;‘;z i ff
%= Re, + R.C, = 3."077 R

Ta= —RiCi®eCe _,00n
L RiC, + R2Ey '

= %
= =

First, notice that
iy (Ruce) = 3.077 | |
: (J?,c,_ M Rec,) = 0. 7652 % 3.027 = 2. 2468 -'
Hence we obtain ‘ ,

. KRG =r538S, Rl =lS3Es
Y. Sowechooge C; = Cp = 104F and one remaining varia-.

R =R, =/53.55 k2.

From the equation for Ky, we have .
| Ay R R =34 ¢2

R’ kflcz

or . ) .- | . .
S 39.82x L =19.7/
Kz

We now choose arbitrarily Ry = 10'k.fl. Then = 197.1 k. The PID cont~
rolier obtained is shown beiow. * R4 s )

] R Fra |
35510 1. -
4 - ) L SIS .

- ~-152-
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AW wuu. "‘3" '*  the reference input, the closed-loop transfer.function is

: 'C(r) - 2K (as+1)(bs+()(s+2)

RO s(st)(stre) + 2K Cast)(bs+1)(5+2)
Noticetlattlemmraborisapolymialinsofdegree3andthedemninator
is also a polynomial in & of degree 3. In such a case, it is advisable to
reduce the degree of numerator polynomial by one by chocsing a = O. Then the
closed-loop transfer function beccmes ’ .-

Ch). _ 2k (bs+()(5+2)
R) — S(5+1)(stmw) + 2K(bs+/)( 512
Let us choose the value of b to be 0.5 so that the zero of the controller is
located at s = -2. Then, the controller transfer function Go(s) becomes
oy K(eSs+ 0.5k (s+2)
"i:(k) = K¢ s 2 = < )

@) _ __ Kk(s+t2)* 4
RE) — s(s+idls+re) + k (s+2)°

The cldsed-loop trans_fer function for the disturbance 1npntbecon’es.as -

Gl 25 (5+2)
De> :(5+/)(.r+/o) + k(s +z)‘

nerequimntmﬂzerespwsetothestepdismxbanoempntisthattterespmse
should attenuate rapidly. ILet us interpret this requirement to be the settling.
time of 2 sec. ByasiuplemnABtrial-and-errorapproachmthevalueofK,
we find that K = 20 gives the settling time to be 2 sec. So we choose K = 20,
with K = 20, theclosed-loop transfer function Cp(s)/D(s) for thedisturbance inpnt

becomes

) 25ty gs
P T sP+3/s 4 Jost S0

nefouowingMA'ﬂABprogramprodwesﬂerespmsetotlemu-sbepdiswmance
input. The resulting response curve is shown on the next page. ) »

% ***** Unit-step response (Dlsturbance inpug} *eeee

numd =[0 2 4 0}
=[1 31 80 80
step(numd,dend) _

title(*Unit-Step Response (Disturbance Input)’
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'Ihisrespmsecurvecorrespmxdstothesettlingtheonsec. This may not
be obvious.  Therefore, we plot the response to the unit-ramp disturbance _
input. The following MATIAB is used to obtain the unit-ramp response. i

% L2 X2 X ] Unft-l’anp response (Dlstlltbal‘loe lnput’ SEEESS
numdd = [0 0 2 4 O

dendd = [1 31 90 80 O];

step(numdd,dendd)

grid .
title(*Unit-Ramp Response (Disturbance Input)’)

The resulting response curve is shown below.

0 5 10 15 20 25 M 35 40 45 60
: : Tiwe (s0)

mmui@ti@anhes&ntoheapprmdmtglyzsec.
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for the reference input, -the closed-loop transfer function with 'K = 20 is

ct) _ 20s5*+ 8os + 8o
Ris) ~ 53 + 3/s2+ 905 +80

The MATLAB program below produces the unit-step response curve for the refe-
rence input,, as shown below.

% ***** Unit-step response (Reference input) ****+

nuny = {0 20 80 80];
denr = [T 31 80 80]:
.stﬁeg(nunw,denr)

p R .
title(*Unit-Step Response (Refererice Input)’)

12 mmmm
1 =
[:1] 1 15 - 2 25 3
Timefosc}

Fmthisplot.méee‘ﬂntiheéetuingtimeféruﬁrefm:m is 2 sec.

The closed-loop poles for the system are shown in the MATLAB cutput shown below.

roots{denr)
ansg =
-27.8742

-1.5629 + 0.6637i
~.-1.6629 - 0.65371

-

The designed 'donttouet is

oy = 20(0Ss+1) _ [fO0(s5+2)
G ls) = = = =
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B-8-3_, The closed-loop transfer function of the system shown in Figure g-

"/"V'Z(va) is .
K (1+7:+Ti5) G0

RG) |
o 1+K, (1435 +Ts)G,6)

(1)

The closed-loop transfer function of the system shown in Figure 8-72(b) can
be obtained as follows: Define the input to the block Gp(s) as U(s). Then,

UG)=kp (14+T25) RS + '7':5'; [ R6V=ctr] = & (it TasDCE)
CE = 6, &) U1
£6) _y (/+ +-,-—,) RG) - K -{/{-J—-i-ﬁs) Cé
o =k 7 Pt Ts /
from vhich we obtain
ety _ K (rt75 +T3) G0
RE) vk, (14 ;{;*-7;5) %)

~ This last equation :l.s the same as Equation (1). Thus, the two systems are
equivalent. ‘ _

B.8-4.  We shall first obtain the closed-loop trdnsfer function C(s)/R(s) of
the I-PD controlled system. Intheabsenceofthedistnrbamen(s),
minor loop has the following transfer functiom: , :

€8 _ - 37 #2 - :
v6) S(S+1)(st5) + 39.¢2 (1+0,76925)

) vhereU(s)istheinwttotbeminorL_oop Theopen-—looptransferfunchion
3 G(s)ofthesystenis .

6{) _ 39 #2 |
) 6775 S(s+/)(st+s) + 31.92 (1+0. 7(?2-’)

/12.8//2
.s‘"+ 653 + 35 32/7 s*+ 35.92s

~1§6f
WWW.it98.ir


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

-QW. Olelibl sglis amil

&

mmu:it::iiin

The closed--loop transfer function is
C6) _ /2, 8//2

R(s) T St 65+ IS 32/95%+ 35525 +12.8//2

The followmg MM‘LAB program produces the unit-step response.
response curve is shown below.

% ***** Unit-step response *****

1=[0 0 0 0O 12.8112};
den=[1 6 35.3219 3942 12.8112];
t = 0:0.05:30; . '
step{num,den,t)

g
title('Unit-Step Response of I-PD controlied System’)

Unit-Slep Resporwe of 1-PD controfied System

The resulting

'Norl:icethattheresponseisslowmtsrmsnoovershoot 'l‘heclom-loop

polesarestnvninﬂ:efouovingmmmm

roots{den)
ans =

-2.3514 + 4.8215i
-2.3514 - 4.8215i

© .0.6486 + 0.15681
-0.6486 - 0.15681

Since the dominant closed—ioop poles are 1ocatéd'very close to the jW axis,

the response speed is very slow compared with that of the closed-loop system ]

shown in Figure 8-73(a)
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L=o=3. For the PID controlled system shown in Figure $-73(a), Ehe closed-
loop transfer function between the output and the disturbance input is

CG) s

DE)  S(st/)(5+5) + 35, %2(S + 0. 7250 + 0. 7552 5%) PO

_ S .
Stt 65343532095+ 38 925 +/2.87/1 2

For the I-FD controlled system shown in Figure £- 73(b), the closed-loop .
transfer function between the output and the disturbance input can be obtained

as follows:
ek _ s
D6 St (5+5) + 38. 42 ( s+0.3280 +0.76925%)

: Y .
Strost43532/9 5% + 28,025 +/2.8//2

Since the two closed-loop transfer functions are identical, we get the same
mib—stepresmecurvesforthetmsystem. The following MATLAB program .
produces the response to the unit-step disturbance input. The resulting
response curve is shown below. - ‘ ‘

i

% ***¢* Unit-step response wweesy

num=(0 0 O 1 0} S
den = [1 6 35.3219 39.42 12.8112};

;t:‘?(num,den) |
| title(’'Response to Unit-Step Disturbance Input®)

N
|~

004 ) \

i .
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The closed-loop transfer function C(s)/R(s) of the system of Figure 8—-73( a)

is obtained as follows: [We assume that D(s) = 0.]

- ./ ' : /
o) ez (1 ¥ shmz £.0.26025) o)
9 I+3742 (7+ +o.95725) TGS

30.32/5S%+ 39.425 + (2.8//2
S¥+ 5%+ 335,32/88 S+ 39.925 4+ /2.8 2

The closed-loop transfer function C(s)/R(s) of the system of Figure 8-73(b) is

obtained as follows: [we assume that D(s) = 0.]

29.¢2 ]
(&) _ SC=H/)(s+5) t22.¥2( /+096725) 3.097S
S( st/) (s+5) t 37 2 (/107692 ) Ze77s
12.8/72

i

s+ 55-‘-!-.!.5" 32,84 s*+ 32 ¢2S +/z.¢?//2— -

Note that the characteristic eqvation (dezminator) for bot-h systems are the :

same. but the numerators are different.

B_é..._s_ For the reference inn;tr the closed-loop transfer fmﬁmis
6. _ G5) G:(5) |
£E) 71+ Gi5)G.60HB)

For ‘the disturbance input, : '

. CB) - G,s5) -
| - DB) !+ Gil5)G,(s) HE)

For the noise input, ‘

e, ’____ _ ___G6) ) HE)

M) A+ Gfs) Gy (s) HE)

Notice that the characteristic equatims for the three closed-:l.oop transfer
fmctions are the same; .

1Y G3) Gu(s)HG) = 0 |

_That is,- tbeclaracbetisticeqnaticnfarthissystemiathesaneregardleasof

whichinputsigmlisdnsenasinput

-159-

wWw.it98.ir

MM M

]

. 8


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

W Olelibl isglis (ol

K\_ muuuit::iiln
B-8-7.  The closed-loop transfer function C(s)/R(s) for the reference input
is , .
$I 63 (7.1 .
=) _ /16, 65 H2 _ G G2 G5
k(f) I+ GI G263 H) - /+ 6 6 :
2Gs Hat G1 G Ga s
| 1+G:G,H, 2 72 1C: _:
The closed-loop transfer function C(s)/D(s) for the disturbance input is ob-
tained as follows: _Noting that the feedforward transfer function is G3(s)
and the feedback transfer. function is [-G;(a)H;(8) - Hy(s)1G(s), and that
the closed-loop system is a pos:ltive—feedback system, we have
e, - Gy
P6)? /= Gs [~ G4, —H:] %
— v 93
/+ (7/63@3 ”/ 1'6‘63 ”t'
: B—8;8 " For the system shown in Figure § —74 (b), the closed-loop transfer
o function for the disturbance input is
8 G __~KBHE)
- - D) !+ kG(s) Hz)
: ‘Ibminim:lzetheeffectofdisturhances, theadjustable gain K should be chosen
= as small as possible. Thus, the answer to the question is *"no“.
= ,
= ———

(:—)8-9‘ Y6 _ G Gp
RIS') | (TG Gea C},
Y) - Gp
‘I”:) 11 Ge, €&z.€ap |
- Y5) - Get Ges G '
V)~ 7t 61 G
Hence

Gyr = G, Gyd |

q’" = 42‘ "4£
%
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IfG’aisgiver;, thexlsynisfmabutsyrismtfixedbecauéeecl is indepen-

-dent of . ‘Thus, two closed-loop transfer functions among three closed-loop

transfer Tunctions p . and are independent. _Hence, the system is a
two-de;ees-of—free% sggan Glm - .

(k) , __Yé) - Cey Gee Gp
R} . It e c;’
- Yb) Gp

be) 1+ G G,

Y6) __~Ga b,
N(5) I+ Gy & iy

:671’ = 64'7 661'6,1

) God -G

Gya = =

If Gyd is given, then Gyn is fixed but Gyr is not fixed because G G2 is in-
dependent of Gyg. Thus, two closed-locp transfer -functions among three closed-
loop transfer functions Gyr. Gyd, and Gy are independent. Hence, the system
is a two-degrees-of-freedom system.

@ Y&) _ _Gu Gy
R(s) /+ Gca 6,
Y& & .

D6) - (+ Gep 6,

Y6). - = G G
NEs) ot F Gez Gp

Hence |
Gya{ éwé.cl Gyd

= GG
Goyn = - %

Ifcyaisgiven. thencynisfixad. Gyrismtfixedbecausecclisindepen-‘
dent” of Gyg- ‘Thus, the system is a two-degrees-of-freedom system.
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D-o-iv. pvefine the input signal to box Go3 as A(s). Then, for D(s) = 0 and
- N(s) = 0, we have. _

AG) = Gz R(5) + Gy LRIV~ YI5)] = G, Ges AL
YG6) = Ges @, G, A6)
Elminatmg A(s) from the above two equations, we get
) = Gy 6,6, (Fer +Gea) RE) = Ger YO
It Ges G,

(1% Ges Gy + Gey Ges G, 5. ) YE) = Ges 6,Gs (G0 G ) RE)

Y6) - (Ger+ Gez ) Gez G, G2 . (1)
_R(’ ) 't Ges ¢ + G, Ges 6/_ G2 "

o £ind Y(s)/D(s), we may proceed as follows. For R(s) = O and N(s) = 0, we have

AB) = Ge ["" Y& )] - G, [ b6&) 1' Ges A(’)]’

t Y(’) = Gl C7'z [ D.(’) T 60 Als )]

: S 5 i ew)‘ém)
- o = 6162 [ 26r + Gy =02 V=%, 0]
= ‘ .,z g It 6 g,

simpllfYIngn we have
( /1t Ges G, + Gey Ges 6/62) Yﬁ') 6/ Ga DG6)

Y{’j . G, 6} ] ' (2)
P{‘) 1+ Gy 6/1' Gcz Gea q/‘ia
Next, we shall find Y(s)/N(s) For -R(s) = O and D(s) = 0, we have

AG) = = Gey [YEr+NI9)) — Ges G, AB)
Y(’) qc; G,G 14[5) -

ﬁ:erefore' ' - . .
—6e) YG) — G, NGB
/t+ 4(’ ql

Y(’) = 60 G, 62
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| (11606, G645 6, 6e) Y) = — Ge, Ges Gy 62 NB)
Hence, S _ : '
. Y& - ~Gcs Ges G, Ge
| NG) - /+ ch 6] t+ Gey Ges 67‘/ Ge
 From Bquaticns (1), (2), and (3), ve get

éﬂ; == Gt Gos Gy

1 == Gy + Gea Gez Gyd

If Gyg is given, is iﬁdépendent.of because is‘inde’pendem: -of‘

Gyﬂ‘.;ydsyr is ind%zdentofeyd andenGdeecausch:GcéGcgs independent of Gyy

. and Gyg. Hence, all three closed-loop transfer functions Gyrs Gygr and Gyp,
are independent. = Hence, the system is a three-degrees-of-freedom system.

(3)

B—B“ﬁ . ame open-loop transfer function of the system is
S (0.35¢/)(st7) (42510

/2Ks* o, gfas+ /.24
O36ST + /8653 2.5 4 &
Hence, the closed-loop ‘transfer ftm;ch:lon is- . ' -
- eE) (2K S+ 2.4 kas + L2 Kat . -

G&)=

——

MMM

1

. 8 )

RE) ~ 0.36s%¢ .86 + (2.5 1.2K) s+ [/fz.fo(_)S"" /-2kal
"The requirement in this probiem is that the maximm overshoot in the umit-step
' response is that , . : .

Mr ( ’0/ 2 ] M’ > ’.42 )
wl)eiéhlpisﬂxemsdmmoverslioot.' Intemsoftheoutputytotleunit—step
| m<ILl , m >/ 02

m‘=m(g)

;\possibleMTIABprogram'bo obtain a set of the values of K and. a that satisfies
the requirement is given on the next page. The resulting unit-step response
cnrvei,sshqwnalsoon‘thenextpage. - . '
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% **#*+ Search of K and a Values for 0.02<Mp<0.10 *++++
t=0:0.01:8;
for K = 4:-0.05:1;
fora=4:-005:04;
nm=[0 0 12K 24*K*a 12*K*a"2];
den=[036 1.86 2.5+12*K 142.4*K*a 1.2*K*a"2};
- y=step(pum,den,);
m = max(y);
. fm<1.1&m>102
break;
end
end
ifm<11&m>102
. break;
end
- end
Plot(ty) .
-swp Response’)
P — mz
: ‘ aa = num2str(s); :
— text(5.1,0.54,X =), text(5.6,0.54,KK)
. text(5.1,0.46, ‘a =), text(5.6,0.46,a2)
o sl=[K a m]
(@)] i ol = ’ )
_ - 40000 0.7000 10846 .
=
= 14 :
=
12
1 / N
08 }
as|- /
Ks 4
a= 07
.04
_02
% 1 2 3 4 3 6 7
tSec
~164-
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The selected set of K and a is

K=¢, a=o;
The waximum overshoot is 8.46 %.

B-8-12. v'rhe féedforward transfer function is
, ‘ /-2 Kk (s+a)?
GG =
76)= s(o.3g+/)(s+/) (/-25 1)

The closed-loop transfer function is

CE) (12652 + 2. $ kaS + /-2 Kqg?

RES) ~ 0365 +/.805%+ (2.5+/7.2K)s%+ (/+z.5¢K4).s'+ /-Zkat
The requirements in this problem are
[03 <m < 128 , Ix<2sec
where m = maximum output. The search region is
' 25K<%, os~£a <3

- The step size is 0.05 for both K and a. Amm;:mgramtoobtamtbefirse

set of K and a that satisfies the requirements is shown below.

% ¢43%* Search of K and a Values for 0.03 <Mp <0.08 and ts <2 sec *4+»+

t=0:0.01:8;
for K = 4:-0.05:2;
for a =3:-0.050.5;
mm=[0 0°12°K 24*°K*a 12*K*a"2];
den=[036 1.86 2.5+1.2°K 142.4*°K*a l.2"K‘a"2],
¥y = step(uom, den,£);
m =max(y);
. =801 whiley(s)>0.98&y(s)<102, ’
8=s-1; end;
ts = (8-1)%0.01; -
 fm<108&m>1.03&ts<20
break;

end _

end ’
ifm<l08&m>103&ts<20
break - '
end

end
plot(t.y)

gﬂm-s@m)
| xiabel(t sec’)
solution=[K a m ts]
sokution =

26000 0.8500 10774 18400
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The first set of K and a that satisfies the requirements is K = 2.6 and a = 0.85.
‘IhemaxinnnnovershootMpand settling time tg are 7.74 ¥ and 1. 843ec, respectively.

The response curve with K = 2.6 and a = 0.85 is shown below.

Unit-Step Responss _
14
12
1 / - -

“ / . -

08 /
) 02 '
w .
(@]
= % 1 2 3 4 5 ¢ 7 []
— tesc
= Nex!:veshallohbainallposs1b1esetsofxandathatsatisfytherequire-
= ments. The following MATLAB program produces the desired result.
=

%‘““Semchofallpo@eSetsomedthhesﬁr003<Mp<008 '
% andts<2sec““‘ :

t=0:0.01:8;
k=0;
fori=1:41;
K@) =4.05 - i*0.05;
for j =151, :
-a(j) = 3.05 - j%0.05;
mm=[0 0 12*K{) 24*°K@)*a(j) I.Z‘K(')'aﬁ)’a(i)
den=[036 1.86 2.5+12°K(Q) l+24"KO"aG) 1.2°KG)*aG)*a)};
y=swp(nmn.d=n.t):

%

s=801 whiley(s)>0§8&y(s)<102,
s =gs-1; end;

ts =(s-1)*0.01;
fm<108&m>103&13<20
k=ktl;
table(k,)) =K@ a@) m ts];
end ’ _

end :
cend
table(k,’) = [KG) of) m ts]
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22500 0.8500 120507 19200 -
23500 0.8500 1.0585 1.9000

2.6000
2 = sorttable(13,2)
.-
0.8500

mm==[0 0 12*1: 24%K% 11~xwl
den=[0.36 1.86 25+12K 142.4'%K*% 1.2‘K‘a"2],
y=step(mum,dent);

plot) co

gid .

hold )

Cuxvent plot held
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0.8500

mm=[0 0 12°%K 34'%K%a 12°K%2} - .
den=[036 186 25+12%K 124%K*a 12°K*a"2);
¥ = step(num,den.f); . .

ylabel(Outputs’)
$exf(2.2,1.1,K = 2.6, a=0.85)
tex1(2.2,0.9,K =2.05, a=0.85)

-ﬁ:érearelZsetsofthevaluesofKandathatsatisfytherequiremeubs; All

sets produces similar response curves. The best choice of the set depends on
the system objective. If a small maximm overshoot is desired, then K = 2.05
and a = 0.85 will be the best choice. If the shorter settling time is more
important than a small meximum overshoot, then K = 2.6 and a = 0.85 will be the

best choice. - 'metmit-stepreSpmwecurves_fofﬂ;etmcasesaresrmnhelqwr
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B-8-1
: S- 3(s+5)

, 6,(5’) T s(s+1)(sEr4Ss1/3) '

The. closed-loop transfer functions Y(s)/D(s) and Y(s)/R(s) are given by
Ye) Gp6)  _ Gr

DE) /tGey(s) 6/(-‘) ItGe; Gp

wﬁﬂ-» [€%3091-6%z@0;l§%¢§> - (6@/1'€k2>€br ‘

R(’) / "" Cic/(s) @f(‘) | 171Gt G 2/

and

Assume that G (s) is a PID controller with a filter and has the following form:

k'(S'-f'A)" SE+ ¢S+ /3

4 6’“’( ) - (st+5)(s+27)
The characteristic equatlon for the systan is
_ K(sta): S+eS+/3 . 3(st5)
+ =
/ 6"4’ [+ s (sts) (s+27) 3C Sf/)(s’-+¢$,+/3)
' 3k (s+a)*

=/* S2(s+7)(5+27)

mthatrial—and—ermrsearchofKandanthMAﬂAB,vefindapossiblesetof
K and a as follows: N

K=s58, a=/ ¢ |
With this chosen set of K and a, the controller Ge1(s) becomes as follows:
SECs+L#)?2  S*t+¢s1/3
Gerb) = s G+58)(s+27) |
% sS4 /32. £5 +//3.68  SIHESTt /3
5 (51'5‘)(5 +27)

'me closed-loop transfer function Y(s)/b(s) is obtained as

: 3(s+5)
Y6) _ C Ts(st/d (st s+ /32)
o N, 3xSE (stA#I*
s*(s+7)(st=27)

_ 353+ 965t + oSS .
(s3+4s+73)(s%+28s5+20/s*+ 48725+ PYY 05‘)

ﬂrerespénsecurvewtnenn(s) 1samit—stepdistnrhanceisshowninthenexbpage.

MM M

]

"~ 8

Next, we consider the response to reference inputs The closed—loop transfer .

- function Y(s)/R(s) is
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oot < '
o % 1 2 3 t.4.c 5 ) 7 s
2 Yé') (G t Gez) G | __Y_é.)_
- R /:'57'4/6, = = (GatGer) 6

Define Gei(s) + Gea(s) = Go(s).  Then
| B Y9 . G
R6) o6) T 11Ges Gy
G 3s3+p6s* -Hto.s*.s-
¢ s2pgs 443
s*+zss:-f-2p/g'—+ ¢rz 25+ 3¢/ 04

Ww W.

= Go ——

-msatisfythermiremntsmt}erespmsestoﬂxermreferminputmd _
"acceleration reference input, we use the zero-placement approach. That is, we
choomthemmeratoron(s)/R(s)tobethestmofﬂlelastthreetemsofﬂ'e

~ denominator, or -

35t + #65°+ o5 -
D Ge T iy 557 73 = zo/s",,-f 47,25 .+3$¢/.ef/—:_

fram which we get
| - (20/5%+ 487.25 + 38/ 04D (St £5+/3)

6‘5? = 3(s3+325*+/35s)
_ 67 s 1+ /62. %45 1+/r3.68 -  S*+¢s+/3
s - (st t27)
-170- E |
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e causeu—io0p transfer function Y(s)/R(s) now becomes

jY(S') - , 20! S+ 487.25 + 3¢4/.0%

RG S¥+2853+20/s*+ ¢87.2 5 +3¢/.0

The response curves to the unit-step reference inplzt,~unit;m reference input,
and unit-acceleration reference input are shown below and on the next page.

A

o WA\

X

System Oiftont
n .
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It and Systom Ot -

Noticetlatthemximmershootinthemit—steprespmeismmtelyﬁ%
andthesettlingtimeisapproximtalylzssec The steady-state errors in the
and acceleration respmse are zero. 'merefore, tte designed controller

ramp response.
Gu(8) :ls satisfactory.
Finally, we detemine Gczts). ~ Noting that _ |

@cz [5') = ﬁc(" )~ @cl[:)

vhere .
; 6:(’) — _J7-’z+/5&’-f‘$ + /2.8 _Sz-{-f&s-{-/& .
| s - BtS)(s+27)
= - G., 6) — $8S°+/62. 45 +//3.68 - SEH+4S+/3°
o . y ¥ » - (St (s+27)
R o\ S*+¢s+/3

@ez(g)z 75 ($+_9)[5'+2/])

'meblod:diagramofthedesignedsystemisshwnmthenembpm Nobetlnt_

s*t+ 4 +r2
(5T5)(s+27)
isafﬂterandisapartofthecmtrouer.
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GE) = SCs+3)(s5+5

The closed-loop tmﬁsfer functions Y(s8)/D(s) and Y(8)/R(s) are given by -

Y0 _ ol = - % .
and D& I+ Gp(s) L[6606)+ Gra ()] /+ (,_f,c, +Gre) q,.
Y(‘) _ ] 6:1(5') (7.’(5) o 6¢I 6/ .

-MN\ M':

R6) 1 tau) (6067 + &:{s)] 14( 6,,+G22) 6
Let us define Goy + Gop = Ge. Then

Yb Sy

let us assume that Go(s) is a PID controller and has the following form:

- qc('f) "—"_ K(star

Ky
The dlaracwristic equation for the system is

K(}f.a)z 2.(5“1‘/)
/’/'4: 7f = /+ G SCs130(5+8D -

Inwhatfouows,veshauwethemot-locusappmachtodetemiuethevalws
of K and a.- Aftertrial—and-errormlysisﬂthmm.wechoosethedminant
closed-loop poles to be at 8 = 4 ¢ j0.2.

'lheangledeficimcyatthedesiredclwed-looppoleats--4+j0Zis '
obtined as follows:

92,1378 ~ /97 /1378 ~ /1; xra/' — W 3057 +/76. /257’ +/§0°
= —ppf. 0 F93°
(Note .that the poles are at s = O, s—O,s--S. s--5andﬂ1ezeroisats -1.)

"medwblezeroats--amstccntrimtelm.oa%‘ (Each zero must contribute
89.04465°.) By a simple calculation, we find ..

A= F 0033
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= er Go(s) is then determined as
‘ : K(st+4.0033)"
G.6) = ' e 2
" The constant K must be determined by use of the magnitude condition. This condition
is : o 4
o | [é:-&)-@pﬂ’) I;;g-sf.-f-j_gz =7
Since : v
' K(s+40033)" 20s+7) - =
| s | S(St3)(5t5D |s=—ptjoz
we dbtain _ _ ‘ |
- 5%(s+3)(s+s) .4 o
K -—-J = < —1 - = £9,2333
(5‘1—%{"33)_ 2(st/) S=—~gtja2 :
4&) = ‘7'?33; g.f‘l" HLoo33)
Then the closed-loop transfer function Y(s)/D(s) ‘can be cbtained as
20s+/)
Y2 /A _ S(s137(stS)
D6) It Ge Gp I+ 629323 (51 % o033)> 2(51/)
- ' s CS(513) (S15)
_ 25t +2s ' '

Ww W.

; S+ /4. b6FE SO 1 1263. I1¥6. 50+ 333 2. 59595 +2222.3219
The response curve when D(s) is a unit-step disturbance is showm below. ’
210 mb%mm '

”e

2\

‘20 1 2 3 4 $ .} 7 8
“tess
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we consider the responses to reference inputs. ~ The closed-loop
_transfer function Y(s)/R(s) is ‘ . :

- Y® . Ger Gp = 6., Yé&)
— C -
R&) ~ /+(8e,+%2)Gp ' DE)
o - (25%+25) G _
SHL/2h 666657 +/26 3. 7/ 4E 5%+ 3332.57595 + 2222.3279

—
—

msatiafyﬂnmquiranmtsmtherespmsestom:mpreferawe input. and
acceleration reference input, we use the zero-placement approach. That is, we

choose the numerator of Y(s)/R(s) to be the sum of the last three terms of the

denominator, or ' ,
(25*+25) Gy = (263 9146 S*13332.875¢ 5 +2222.3279 .

N E3/993 5+ /666.2880:8-4 (17/. /6 %0

- e = | SCEt)
. Hence,. the closed-loop transfer function!Y(s)/R(s) becomes as =
Y8 o 12£3.9/%6 s* + 3332.5759 5 +2222, 3277

R_(s-) T SYHS 6aSESS + 1263, 9/ 9£ s>+ 333 2. $759 S+ 2222.3279

The response curves to the unit-step reference input, unit-ramp reference input,
and unit-acceleration reference input are shown below and on the mext page.

12—t
it
3“
i.
04
oi |
% T 2 3 . 8 . 7 s
t‘.
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Systom Output
g .

N
T

9 8.
+

t

Ww W. |
Pt e O

The maximum overshoot in the unit-step response ‘is approximately 19 % and the

. settling time is approximately 1.3 sec (2% criterion) or 1.0 sec (5% criteriom).
ﬁasbeady-stateemmthexamrespcwemdmlmtimmpmsemm :
Therefore, the designed controller Gg(s) is satisfactory.
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Amcwse wwv e 18 @ PID controller and has the following form:

K (st+a)?*
G.6) = £
Tﬁe chai:actéristic equatio_n for the system is

X
1#6.6, = [+ KL L

In what follows, we shall use the root-locus approach to determine the values
of K and a. ILet us choose the dominant closed-loop poles at ‘

sS=-74j1 .

Then, the angle deficiency at the desired closed—loop pole at 5= -7 + jl is obtained -
as follows:

—/7/. &{ff x3 +/80° = —335‘.0’0 77°

The double zero at-s = -a must contribute 335.6097°. (léach_zeromst contribute -
167.80485°.) By a simple calculation, we find a = 2.3729. The controller Gu(s)

is then determined as
K(s+ 2.3'727)

Ge) = <

» vhere K is determined as _ ,

. o | | 3

K= d | = /57287
('S tz2, 3727) S—-—7+J1

IS 09ET (s+2.3727)
G.6)= 5 ,

Then the closed-loop transfer function Y(s)/D(s) can be obtained as

Y&) ___Sr - < o
Dé')_ 1tGe G 4 LE7767 (;+2.g?27)z ;:-A

_ S .
_ - S+ p67S PR 373/ 5 + 88.833/
‘The response curve when D(s) is a unit-step disturbarce is shown in the next page.

: Next,wecansidertherespmsetoreferemeinputs "meclosed-loopttansfer
function Y(s)/l!(s) is _

g—

RE) ‘ /(G +6a)c;,, 7! T pg) |
S Gey ‘

s’ + /s 97;7: + 74 M.?/ s+ w 2331

C17e-

wWw.it98.ir


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

JQQQMQ& Olelil s)glis (ol

&

W H:Eil' ir

where

Response o Unit-Step Distorbance lnput -

msatisfytherequirenentsmtheresmestotheranprefermeing:band

acceleration reference input, we use the zero-placement approach. That is, we:

choosettematorof?(s)/k(s)toheﬂemofthelastthreebermsofthe
denominator, or )

SGey = /5.07675%+ 74 87315 + EF. £33[
from which we get ' : '

6 (5) = '/5-7057.;’-_4- 24,873/ s + &85, 833/

F
Hence, the closed-loop transfer function Y(s)/R(s) becomes as
YE) | IS 7267 5+ 74873/ s + 88533/

RG) ~ S H /57967 S +74.893) S+ 85, 83324

'Bnrespasewrvestothemit—stepreferencemt unit-ranpreferenceinput
andunit—acoelerationrefereuceinputares}mnmtbefouwingmp@s

“M M M

]

i

Naticethattlemximoversbothtterespmsetothemit—sbepmferminmt__

is 18 % and the settling time is approximately 0.7 sec. The steady-state.errors
'mtheranprespmseandacceleratimsesponsearezem 'Iherefo:e. thedes:lgned

controller Gu(s) is satisfactory.
Finally, we detemine Ge2- Noting that

'éﬁ;(’)%‘? Get ) t+ Gea @7

159767 s* + 7% £73] 5 + 88. £33/
‘ S

@c(’) =
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/8. 7787 S+ 4. 393/ S + 88, F337
Get6) = ' : “s L 37

we obtain Gep(s) = 0. This means that we do not need Geo(s) toget the desired

Response to Unit-Step Reforence input »

12

i
Nﬂ

U

r
grn-ehplnwt and

9 8 .
g

t
:
;
:
:

Ww W.
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System Output

input and
>

. A block diagram of -the designed system is shown below.

Rs) : Ko77675*+ 798731 5 + 8F, #33.1 "
— 5 .

-

,a.l...ﬁf,_:_-'v,, !JJ}HL

M

, wr
ks L-rw_r,tr’ ...*L ‘f _.-.J:‘.!‘::" ly 5L

wwu.it i-.lr
/'p ("O{'f.:_ aéf) C.._-’EMJ CS'/}&F C__).aﬂu[
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GHAPTER 9
B, .
(a) Controllable canonical form:
‘2.',‘ 1 o /- X 0
= ) + o
‘Ta. "J ’q xz e ,
' o zl- | -
y=[¢ 1]
2 o
- (b)  Observable canonical form: ‘
— %, o -6yl |«
: =1 : + “u
el Xy / ~& X} /|
- g=Lo 7"
) =] 0 /
= Xl -
2 : |
> ‘

8—9-2 The transfer function representation of this system is

Y& _ & Y :
T6) S*+ 652+ //5+€ T (s+1)(s+2)(5+3D
The partial—fraction atpansion of Y(s)/U(s) is '

X2 3 e 1 3
= + — +
- U st/ s+2  S+3
Then, a diagonal canonical fdmoftheéys!:enis_
| 21 ' v.v;"."’
X =~/ o oall%| |1t
X | = -2 ol|lx|+|/]|a
;JJ ) ‘ 0 o "3 134 ‘,..
_182-
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B93. We shall present two methods to obtain the comtrollable cancaical

——form of the given systeém equation.

Referring to Equation (2-29), we have

) L ] [ )

. S - s~/
G6)=C(sI-A)"'B =[+ /], .

= /

Jds+3
s‘+zs+s_[" '.]

~&

_zv. 7

s+3| |2
|
s=1]]2

35+7  _ _bs*+bsib,

Hence

sit2s+5 ~ Ss'ia,s+ae

4’32, 422.?, bo.=0, b,=3, £8=/ .

Then, referring to Equatiens (9-3) and (9-4), the controllable canonical

fomofﬂ:estateandoutputequatimsareebhameaas

Zl le  7||lx] |o]

= - + u

’;, -5 -2 X2 /

: X,
. g=tr A %

The method presen
canonical form of state space
is given in Chapter 10. [Re

the original state vector X to a new state vector

tedi:glowwl_s‘a useful appfb%ch tg'obta{i'n the controllable
representation not presented in Chapter 9, but
fer to Equations (10-4) through (10-9).] Transform

X by means of the trans-

formation matrix I such that X = géé, vhere
' A5] a ¢
I—' ’\1% [“" wmmlys o

wWw.it98.ir
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- |t sz 7 7
T= =
and _ 7
. - O, / -0, 0 A
T/ =" i
wa o. 3 d. g Xd §
The controllable canonical form of th s — N
. are glven by 2 nieal romo e state equation and OUtPut equatlon
| =T7AT X+ T "Bu
"U\ WA A, WA
A
d = QZZ%’.
w .
= 0./ ~005 2, Lot maes|
B |3 ess|¢3)-6 2 [[A] [e3 s3e2
— 0 ; x'
@ =] _ +|" |«
o - e 2 xt. /
} | 7 &) 2
. g = [/ /] Al= [/ 3]
= -6 2 iz, ‘ ‘?g
2 E .
=

B-9-4.  Referring to Equation '(é-ég), ve have
Gts) =C(sI-A)"'B

| s+ { 0 -~/ o
’=[/ 4 ,o] -1/ s+2 o o
° S+3 /-
'[-’ /- Ts+2)(s+3) o stz o
N (st1)(se2Xs+3)| S+3  (si)(s+3) 1 |0
9 .- o (stxsed)l/
=" S+3 - Ss+3 :
(541)(s+2)(5+3)  SStgs +/is+€
-184-
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NIF WNW-“gﬁJ' ris is a third-order system, there is a cancellatitn of (s + 3) in

© e ewunewSOr and denominator. Hence, the reduced transfer function becomes
of second order. X

_ The transfer function expression can be easily obtained from the state-
space expression if MATLAB command : '

[num,den] = ss2tf£(A,B,C,D)
is used. See the following MATLAB output.

A=[-1 0 1;1 -2 00 0 -3
B = [0:0;1]; -

| _ C=(1.1 0O :
- : D = [0);
— [num.den] = ss2tf{A,B,C,D)
num =

0 0 1.0000 3.0000

1 6 11 6

This output corresponds to the transfer function
S+ 32
S35t r/s+6

Notice thatthe MATLAB output does not show the reduced transfer function when
cancellation occurs. ‘ f

8—9-5 méige:xvalues are -
Ar=1], Aa=-~|, Asy=j5, A==j i
The following transformation matrix P will give P-IAP = dlag(A31,A 2,4 30 Ag):

I AR B A
'?,_.._ L R T N B A S
TN A AN /1 =1 =1
3 3 .3 .3 < .

.AI Aa_ A) /\’j L / -/ - J

This can be seen as fouowg; Since the inverse of'nétrixais
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AN,
| .- -/
Pl . L / ‘/ / i
A A ]
! J =/ -JJ
we have )
PYAP = 2 F A lee 2o || J =)
o KA AP TX ARV | WA
R | WA A | AT J
" oo o]
— o =~/ © o
o 0 j o
o o o-jé
Method 1: ‘
Cm = sI- =
F}Z ] y _ ; -
= x"' _
| -2 2 N 4 + 2
S'l'l S+2 s..'./ $+2
ze™t- g2 e ¥- e
"Ze-t‘l‘ 2 e~;t —e -_-t+ 23‘—“_'
. ~~ Method 2: Referring to Equat Im-(g:‘—ls_s’_;é_ha;e__ _
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Sincetlxeeigetxvaluesare/\]_:-land/\z.:-z,weobtain
- .
edt__i-/ / {l€ o 2 /
1 -2lle e®fl-r <

h

—ze¥ 4 2e M gty 2e"%

Method 3: Referring to Bquation (9-47), we have

/A et
Al
I 'ﬁ o4t

ar

| [ -~/ eFf
! -2 -2¢ =£
I a e

vhich can be rewritten as
e+ (A+21)eF eI =4¢
-2t

edf =(ar21)eT-e¥I - A

.

(2 ) 7 o) o 4
= 2 - e"‘f_ - e-?.t— e-zt
-2 =/ g -/ -2 -3
[ 2e*— e~ & el o
=1 - - 2t
2 %427t -e*y+2e?
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he givm state matrix is in the Jordan canonical form.

The eigenvalues

are .
A=2, Aa=2, Asz=2
Since _ - -
: et +e*t __-ﬁ-z“‘e 2T
edr | , e et
” 5 ezt
10 = e¥ x()
or
-:r,(t)- [ et  zeit é—-t‘e"‘: rx,(c:)
Aaft) |= 0 ez z‘e‘_“ X (?)
_7‘3(9; i o o e ] Lx.?(a)d |
- A=[.", M|

S+2

=2 [62 -—g)‘f] - ? "{ [,

st/+/ | A
e NG G+1)*+yz?|
‘ : -3 _ s+/—~/
| (st1)*+42° (s+1)° +V2*°]
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s+/ / vz
=L (st1)*4{Z* * VZ (s+))*+7°
IR R SN 3

= (s+1)4

b

e PVt + F e Tk Er

=%

i vz
VZ Cst1)*+VZ>
st/ / vz

(s+1)*4 V7 V2 le+D™+

Fetanmyze

= e ot e e Vit — e ua Tt
At ar|
X@) = e~"x0) = e« e
.-f " V
_| € ceeVzt
~etenyTt ~JZ e Tk L
' -6 1 o 2 L
A=l o /.E=l,g=[/ao]_'-
L= o eof |2 '
 Define also the transformation matrix as P such that x = Pz.
Pir Pz Pall 7

_ U\za =f£ =1 Pu Pz Pusllta
Par P Psl] ] |
Then with this transformation the state equation and output equation:

P O
i

i>

R
.|,
=)
N

can be written as

wWw.it98.ir
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T - c—--lem it is specified that

o0 0 -€

/
Z"ﬁf =7 o -1} - P"fe= 0
| o 1 -¢| 0
. V'/ Pu P2 Foll? | ’y 2
BER0[= b P Pslo|=|ru|=]6
s 21 P P pas)lo Parp |12
.m . . _—
KRV
Z"’ £ /2 Azl
: | 2 P Pl
Since -
= /] o =4
o A2 =P/ o -y
o | o ( -6
- we have
S ~é 1 oll2z £ o, rz}é“ Lo o —-6|
> /7 o [ é pn Pual=1] ¢ ,a:,u /7 O _//‘ ,
= =6 0 U0)|2 Pz b3l |2 Heop,ll?0 4 -6

- _ ' _ | : -
-/z+€_ '_"fnfﬂt . -‘,“.,.,” T& ,,3 “/2-//ﬂ; ‘/ﬁn

<212 M fa ~Upsrpa|=| b Py —34-lf-ip,
—/2 ~épn T

Pz L 22 ~lipr-bp)

fro=—€, Pu=-=20 r Poz =12

~&prn + P =4,
~Efis F faz = =12l Prs—E Py
~lps v =p,
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\_4 MR = [ " N1, : iy ' :
S TPt = =36 =Vt g,
~€pPn =Ffss .
—EP3=—/2 -L///,, ~&fas
Solving the last six equations for pj3,

P23, and p33 we find
: .,73 =/, ’23--:’#/ /’33 =236

12  <¢£ N7/3
I=lé6 -20 sz
2 =/2 3¢
We thus determined the necessary' transformation matrix 2. 'Iheoﬁtputequation
| S ]
g:CP?:EZ ‘( /6] 22
23
Alternative approach: An alternative approach to the solution of this pro-
blem is given below. Since the characteristic equation for the system is
S+ £ -~/ o - ‘ _
ls£..d,= /7 S =/ = S"f‘ £S5 /s + &
é o s{

=824+ q, 5"t a.s+a;

we find _
. -Ay= 6, @Qr=Ill, a3=¢
_ 2 g /6
M=lz 48 88l=|é -20 o
2 —/2. 36
Then

¢ . -3 o5
M =l -~ s
M _

¢ "'/'f 005-

_;19_]:_ N
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hown that
, ) e o0 -a 6 0 —¢ /
M AM =1 —-azi=l{/t © =// Mg =]|o
MW o s ca| o 1 -] ™" o
T2 -6 #« :
cM=[r 0 01 6 -20 s¢|=[2 -¢ /¢]
= 2 -2 36

" Hence, by use of the folloaing"‘transfom?nticm

2 -6 /6 Z,

X=M2 =|6 -20 svl|ly
[ o N .} . .
_ 2 = 36115
the given system
3:: Z'f'mdc
§= Cx
AN -

can be transformed

§

fj"%l'/ 2+ f/_‘"Bé-”

A dpa v

g2 =

(2%

g = CAM =
N, AN

or
Z, e o ~éllz| |/
Ll=|t o -/|n Yloju
53 o [/ -6 2 0 -
- ) - -
!'?"
’ 2
' B—9—1o.4' Amnanprogramtoobtainasbate-spéderepresentatim is given
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Tnum=[0 104 47 160]:
den=1[1 14 56 160]
[A,B,C,D] = tf2ss{num,den)

A=
-14 -56 -160
1 o 0
0 1 0
B=
0
o
C=

10.4000 47.0000 160.0000

D=:
0

The state-space representation is

X
%

~/% -s6 =—/éollx|. |/
/ o 0 xl + 0 174
o / 2 1% 0
, : "l-
y=[ro.¢ @7 ré0]|%0:|+0u
. X3

A=[0 1 01 -1 0;1 0 O
‘B = [0;1;0}; : - .

C={0 0 1]

D = {0}; T
[num,den] = ss2tf(A,B,C,D)
num = -

0O O 0.0000 1.0000

den = - .
1.0000 1.0000 1.0000 O
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-- function representation of the system is

Y(s')= /
U667 . s34 s*+sS

B-9-12,

A=12 1 00 2 00 1-3k
=[0 1:1 00 1)
=[1 0 O
o =[O0 Ol
[NUM,den] = ssth(A.B c.0.1)
NUM =
0o 0 1 -3
den =
1 -7 16 -12
[NUM,den] = ss2tf{A.B,C,D,2)

— NUM =
) 0 1 -5 6
(e0]
2 den =
— 1 -7 16 -12
= | _ | _
; The transfer function representation of the system consists of two equations:

Y6 _ _ s-3
Ut) s~ 7s* 165 ~/2
XY6) ___ s*—ss +&
Uals) ~ S3—pstomfbs —/2

9'9‘13 The controllability and ohservability of the system can be deter-~
minedhyexaminingtharankcouditionsof

[58 45 48]
rémwtiwly. o .
ieal
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A=[-1 -2 -2,0 -1 1;1 0 -1);
B = {2;0;1];
C=[1 1 0O
D = [0):
rank([B A®B A~2*B])
ans =
3
rank(fC* A'*C' A'“2*C'))
.ans =
s .

Since the rank of [% AB A%] is 3 and the rank of [’ A'C' A'X']is
also 3, the system Is completely state controllable and observable.

B-9-14.

A=[2 0 0;0 -2 0;0 3 1;
B=[0 11 G0 1]
C=[1 0 00 1 O}
D=[0 00 O]
rank((B A*B A-2°BJ) .
ans =

.
rank{IC' A’*C' A'"2°*C'))
ans =

2
rank{[C*B C*A*B C*A-2°B])
ang = -
- 2

From the rank conditions obtained above, the system is completely state cont-
rollable but not campletely observable. It is completely output controllable.

Notéthatthecmditimofthemtputcmmuabﬂityisthatthermkw

- [c2 cas )
be m (the dimension of the output vector, vhich is 2 in the present system).
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A=[0 1 00 0 1;-6 -11 -6];
g=[0:0:1]:

=[20 9 1];
D = [0}
rank(lB A*B A"2°B])
ans =

3

rank{[C' A'*C' A'~2°C'))
ans =
3

Since the rank of [§ AB a%B] is 3 and that of [C' A'C’ A'2c'] is aiso
» the system is completély state controllable and completely obsérvable.

B-9-16
' o 1/ o 0
a=lo o 7|, 2<lo] ) ¢=le e 1
~8 ~1 -6 /
The observability matrix is ‘ ;
. [~ i E
c, —éCy ' .""(_-"3"5:3)
x Ad Lk ‘ -
[Q arct Aictl=le, -, ~// ey + b0 2,
Cs Ci—gcy . Cr—Ece+25C|

'Itaeteireinfinitglymnysetsof. c2, and that will make the system un-
observable. Ammnplgsofstnchasec%'of ::1. czssand C3-are -

c=[s s o]
e=Lls s 7]
t=[s s /]
c=L/ / 4]
‘With any of these matrices ¢ the rank of the cbservability matrix becomes less

L)

thansandthesyste_mbecanesmwbservable.

- -196-
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(a)

2 0 ‘
d‘-’" 4 2 al ., £=[/ / /l
o 8 :
The rank of .
- /! 2 ¢
[er aver ac]=|r & &
' ! 7y
is two, because : v _ : ‘
/. 2 Ce
' & / 2f
/! & 7i3l=p 1/ = =
/ [/ 7
I-Ience.thesystenisncbconpletelyobservable
(b) If the output vector is given by
X,
% 17 77 A
. = , ) =cCcx
U b A
then the rank of _
| - /I 1 2 2z ¢ g]
[g* atdr a@f]=|/ 2 s 13 15 »
. . r3 1/ 3 1 3

isthree.becamethedeterminantofasxsmtrixconsistmgoftheﬁm.
-fwreh,andsixbhcolmnis _

{r 2 ¢
/ 13 34| =-¥2
/3 3

'sincetherankof[c* A*c' A*%*]:ls&thesysbaismletelyobservabu
Amnmmuimtothisproblanrsgimonthempage
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A=[2 0 0;0 2 0,0 3 1}
C=1{1 1 1 '
rank{lC' A'*C' A'~2°*C'])
ans =

2

A=120 00 2 0;0 3 1}
2 3j;

lc=01 1 11

i
rank(IC' A'*C’. A'~2¢C']
ans = ’

3
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~ CHAPTER 10

B-10-1. - Referring to Equation (2-29), we have

-
| | st1 o ~1|7|e
GB)=C(sI-A)B =[1/ o] - st2 o | |o

o o s+3| |/

(3+2)(s+3) 0o s+2 0

= [ 1 4 " |

- (5+1)(s¥2)(s+3) ’ N CSt3 (st))(st3) / 0
E | 4 o0 (st /]

(H)(s+3)(s13) ~ SPvsstaysrg 00 W

Comparing this transfer function with -
e by St bes + 4y
S} K a stE 4o+ qy

we obtain _
=6, a=/p, As =& ,
bo=0, &=0, ba=y, by =3 |
(a) _Controllable canonical form: Referring to Byuations (523) and (6-4),

ve have
x| [0 1 o 4] [o |
A A A EAN I P @
2 - -/ — .
T B I fi[%) |/]
S B 9] . ) -
7=[3 7 o]l=xn | @
__.7 13 .
-199-

wWw.it98.ir


http://www.it98.ir
http://www.it98.ir
http://www.it98.ir
http://www.it98.ir

!*W' Olelibl sglis amil

: -
\__- umlmthilL‘.r
ecause of the cancellation of the terms (8 + 3) in the transfer
function, the systemdgfined by Equations (2) and (3) is state controllable,

but not observable.
 (b) Observable canonical form: Referring to Equations. (9_5)-»—;5&--»( ;;,)...:,_;;_,_‘

have .
(2] [0 o l[4] [3]
lal =1 o —sllze|s|s] « | @)
.X.,J _0.'/ -é.l.x".. _0_ | |

EE < -
7=1e° o /] x (5)
. x.. = -
Because of the cancellation of the terms (s + 3) inthettansfer functian given
by Equation (1), the system defined by Equations (4) and (S) is obeervable, -but
- not state controllable. . _ i .

- It 1sinpottantto-note-tlntwhencance11atianofthenmratoranddénb-
minator of the transfer function occurs [see Equation (1)}, the system becomes

o2 , o
_ : : sS+/ o -/ 0
G6)=C (5I-A) a—[/ _/__/J =1 stz p /|

| | o o st3] |/

(s+2)(513) 0 s+2 lo|

- (v 7] stI)(s¢3) 1
Grotsea)ises) = | S0 G B’im;zm) ;
_25"+8s5+ 8 25 4SS+ 8§

(StCs42)(543) -  sP+ 45 [/ s+ €
boS 4 bS5t bes by |
S+ q5* + ars+ay

; 200
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ql ) az:/// 43 =é
5¢=d, by =2, b:":'-g; b3~

Referring to Equations (9—5) and (9—6), we have the state-—space equatlon in
. the following observable canonical form: :

"_ r:'t,. "-a o .—éq rz,- s

o

13=I 0.-/ng+
:?_,J o [ -éllx] |2

N " : JL3 L
X

B-10-3. Referring to Equatim (10—18), the state—feedback gain matrix K can
be g:lven by .
K=lo o/l 4z &E17HQ)

$(A) = AP+ K AR+ A+ s T

Thevaluesofoll, o(z. and°(3aredeteminedfranthedesireddaracberist1c.
_equatipnx :

|sI-(A=BR)] = (5% 2+ j2)(s+ 20 (5+0)

§* + ¢+ o5+ 200

)|

I

SVt ol s+ e TF O3

_ ¥, = /%, "Nz-‘-.'-'fﬂ s ;‘-0(3 = Q00

: o./a?_'-o/o’ o1 of -|7002]
PA)=lo 0 1| +r¢|o o 1| téo|o o 1|1V 0}
- -5 ¢ -] -5 -6 -l 5 -6 oo [
-201-
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=l -& 19 7
=7 - —%3 U7
Since
_, : o I 1
[z a8 gel={ s 1 -
: ’ ! -17 éo

we have the desired state-feedback gain matrix K as follows:
o (o 1 ([ s 5
K=[o 0o 41} 7 1 ~u| | —2 w9 o+
- { =11 6o -7 %3 /7
o I-9-739-9' o.850¢. o-/¥gE|
=[o o (] 0.855% o.0120 —~o.0120|
' | 0/%¥%6 —o.s720 ep/20|

/97 s @
X| -8 /59 7
L=7 -#3 27

| [~ /38, 3.,7;- : 170-2069 Z5. 74’.?;‘
=[e o 1) 1902069  4p'45/s Ssvey
~ 23.783/ sz, 2 “rr9

=[zr983/ 87871 2.¢8/9]

B-10-4. mwprogrmtoobtainthestate-feedbadcgajnmtrixxbyuseof
thecmnd“adner'orcamnd'place'areslmonthena:bpage

-202-
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| % **** Generating matrix K by use of command “acker” *+*+*

t 27831 ssis1 24819

A=[0 1 00 0 1;-1 -5 -6} -
B=[0;L1);

I=[2+% -24%4 -10}

-K =acker(AB,J)

K=

1 % ***** Generating matrix K by use of command "place” **+** '

- | place: ndigits=15

A=[0 1 00 0 L1 -5 -6}
B=[0;1;1];
I -[-2*1‘4 2% -10};

K =place(A,B.Y)

K=

| 28.7831 55181 24819

(ce}
S - B
- B0,
=
=
=

Substituting

) “,(:x = - [‘, ‘;][x'] .

. into the state equation, ve obtain

o 1 [/
= +] le

-
o % ! X

= ’_ - -[‘l ‘t] i
o 2% OJ 2

- "'k, . /“fz i,
o 2 llxl

‘The d:aracb’eristic‘-’equat:lon becomes

~203-
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4 S-2

= (""’W)(S-Z) =0

lez-al |

Because of'the-presenc‘eofoneeigeuvalue (s = 2) in the right-half s plane, the
system is unstable whatever values k; and kj may assume.

B-10-6. Since

Ys) .10 o /0
V6> (5+10(s+2)(s+2). "". S?+ st 4-//5s + &

we have

Y+l +-/0’5y-+-4fgr = /o« -
Usingthestatevariablesasdeﬁmdintheptoblemstatenent. thestateequ-

Vationheccmes.
N A 1. T
rxl (4 , 0 X, ) o
Nl=le 0 Ilixl+lela
X ~é -/t —é}lx; /o
bx’c b J.-’J -,d
- Thus
- (/] / o 0
A=} o o /1, B=lo
-6 ~/ —6) o

‘Referring to Eguatia: (10-18), the state-feedback gain mtri_x 5 can be given by
| K=Le e /1LE gE AEDTEQ

4’(A) =A%+ a(,A‘-t- nt,A-t- o L

"mevalueaofulao(z, and0(3aredeheminedfmthedesireddxaracterietic
equation:

[s;- (A-BK)| = (s+2 +J 2J3)(s+2 -, '2VF )(s-l-/a)
' = s’-t-/?‘r‘-r.ﬂ’:-l-/ﬁa |
| =SVt sttaest oy
-Q’, =/¢, o=l [ £ =/_50
B -204- |
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o 1 o]’ o 1 ol o / o}
qS@):—.:op'/‘*'/é‘oa_/ tS5tlo o
- -// -6l - |-6 ~w —-6| -6 -'-//'j-é
' / 0w 0
+/l60| o -/ ol
o @€ 7

/5% ¢s &
=| -8 66 -3
& 5 3¢

Since A
' ' : o 0 (o] .
[B A8 ABl=l¢ /o0 -—4o
_ O Mo —so 250
w . we have i} _ \ ' N
j.:. _ : f‘a 0 /0 =4 /5_1, & w5l
- K=[0 o 7|0 vo -6o| |~¢58 46 -3
2 %0 ~40 29| | 18 15 B
= ) | ) ]
' _ /-( 0.6 o./ /m %S 8
=[0 o /1|06 ol 0 ||-gp £ -3
lLes o o |} &£ -rs &
| (102 8724 Iy
' ' /'6‘.41-_' s 0.8

=[#x¢ &s 28]

_BA0-7. . "A MATIAB. solution of Problem B-10-6 is givemion the next page.

-205-
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% “""“_' Generating matrix K by use of command "acker” ”‘f"—
] A= 1 60 0 16 -1 6}

B =[0,0;10]; '

I=[242%6q(3)) -2*2%sqn(3)) -10);

K=acker(A,B,])

K-

| 154000 4:5000 0.3000 -

B-10-8. From Figurgiﬁlgg we obtain
U=&i(r-21) —haZa ~ks X3 = —Kx +hr
!S =E "'_ e é‘?]

. Noting that the rank of . :
- o o ./

— = == —
Mu=L5 g8 g8l=o 1 =
/-6 31

is three, érbitraxy pole placement is possible,  The characteristic equation -
for this system is ' ‘

s =/ o0 .
: ISI"Al: ¢ s -/ |=s%rastr S8
“ " o s sté

=$’+4/5‘z+'4as'+43=a
- a =4, a =5, dy =0
Since the state equation for the system is already in the controllable cano- .
. nical form, ve_l'avezea.. The desired characteristic equation is
(C+24)¢)(s+2-¢)(5+/0) =S*+ /¢ 53+ fos + 200

25t 4+a) SV A S+ Xy

-206-
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from whicn we cbtain _
| | wy=/p, we=60, o =200
'!S."‘"'f[“’-’_"“l =R 011“41]'7'-’
=[200-~0 . bo-s rg-61L .
L. | -
=[200 s& 2]
The state -eduatim for the designed system is

Z=Ax+ge =fx+ BOLx+hr)

:’(d'ﬁﬁ)é'FEhr )

o | of |0 - o |/ 0
A-BK =lo ¢ ~lo|l200 s 8#]=| 0 o ¢
. o -5 -¢] |/ |0 60 K

jb J / 0» % 0 |
f; =l o0 0 7 Xe -|- o |T _ - (1:)
| 2| |20 -s0 -4 ||%s 200 | o

The output equation is -
.7 | ‘ .- x’ - ) . ..
y=[/ o0 ollx S o . @)

: ?S and (2) by substituting r = 1(t) and finding y(t). Am'mw -
-obtain the unit-step response curve fy(t) versus ¢t curve] 1391”5@'t&mh-'

-207-
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% L2 2 XX Unit_step fesponse sanae

=0 1 00 0 1;-200 -60 -14);
8 = [0;0;200];
=[1 0 O]
D=0} -
step(A,B,C,D)
grid

title("Unit-Step Response of Designed System')

The resulting unit-step response i:urve is shown below.

12,

Unit-Stap Rasponse of Designed Sysiem

| Vf T

(] 03 1 15 2 285 3
Thes fovct
8“10_'9. . . - .
Derivation of the state-space equations for the system: Referring to Section

10=4, a mathematical model for the inverted pendulum system shown in Fi 10:"

59 is given by

(M-f-m)x +Mla =

mltod

+ml X *"7/61

which can be modified to

.144!49
MZ

= W*M)gﬁ-—x
= u-—miﬂ

Since the state variables are defined as

Ky=8,

e . . .-
Xz=&, x)c‘-*x)Xp"-‘—x

we get the following state space equations:

- -208-
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0.

_L,

_M-
(2).

'sm:stituting the given numerical values into Equations (1) ‘and (2), we obl:ain
_the fouow:lng st:ate-space equations for the system: ’ ‘

-, -

' pJ"«”s p <

-

7

0

12. 2625
: o

~2. %525

/ 0

S 9 O
S N o

0
0
o

o

2,

| S

‘Determination of the state-feedback ggin matrix

th:l.ssystemare

S

‘}avndthedesired'ciosedelooppolesareab

-209-
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the following MATLAB program can be written for the detendnation of the state-

feedback gain matrix K.

=~20

% *+*+* State foedback gain matrix K +++*+

B ={0;-0.5;0;0.5];
| 3=1445%4 4504 20 205
K = acker(A B.J)

K=
1.0e+003 *

A-=[0100'12.2625000-0001-2.4525000],

-4.1381--1.0094 -2.6096 -0.9134

"toth'einitalomgﬂ' on, we first substitute -
=-Kx
intothesystanequation ,
Az-l-gu.
. M
andgetthefouowingequation.
Z=(2—8K)%

vhich, vhen the numerical values are substituted, can be given by

21 [

| |-20568 -s0¢,7 -/304.3

% Lo e o
x, 20d¢ - swrT /30%8

Iet us revr:lte Equatiax (3) as

5=Ax
vhere z
| I o oy o
4 = ~2 0568 —5-0;4,7, _—/305*',_:3
w P 0 o
| 20464 047 - 73028
| -210-
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to injtial condition: To obtain the system response

(3)
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pe—— initial condition vecbor as B,
9 .

0

~

B=|°

- 0

/

Then, theresponseofthesystemtotm initia].conditioncanbeobtainedby
solving the fouowing equations:

. A A
z=A?+g
x=A£+B
“-  Mae
The foll MA'I’I.ABprogram. willgeneratetherespmweofthesystantbthe
- initial condition. In the MATIAB program we used the folloving nobations:
. A :
A=AA |, B=Bs
A - A

- | % — Response to initial condition -—

" g #ases Thigs program obtains the response of the system
% xdot = (Ahat}x to the given initial condition x(0} *****

8 .

(@)]
- 9% Tenes EntermatricesA.B anthoproduoematrix
: 9% AA = Ahat ***es
: S A=[b1 00'12.2625000'0001-2.4525000].
> = [0;-0.5;0;0.5); _
= [-4138.1 -1009.4 -2609.6 -913.4];
= AA = A-B*K; - L
= % ***** Enter the initial condition matrix BB = Bhat *****
BB = [0;0:0;1]; ' ' )

ix,z,t]1 = step(AA BB.AA BB);
,x1 = [1. 0 0OI*x';
: = [0 1 0 01*x%;

x3 =10 0O 1 O]*x"
x4=[0 0 0 11*x°;

9% **** Plot response curves x1 versust. xzvemust; x3 vetsust.
. % and x4 versus t on one diagram sesze

" ylabel(’x2 = Theta dot’)

-211-
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[ subplot(2,2,3);
plot(t.x3).9ﬂd
title{"x3 (Displacement of Cart) versus t')
xlabel(‘t Sec’)

: ylabel('x3 = Displacement of Cart')

. ‘subplot{2, 2,4-),
plot(t.x4) ‘?
(Velocity of Cart) versus t’)

xlabel('t Sec')
ylabel('x4 Velocity of Cart’)

xt (Theta) versust _ .+ x2(Thetadol) versist_

(-]
T~
.'n.mg‘ o
©
Wi
4

6 o5 1 15 2 W5 v s 2
© tSes R tSec :
x3 (Displacement of Cert) versus ¢ '“.’ %4 (Velocky of Cart) versus t
go.ﬁ N "S :
aall\ S's
ad B 1
azl\ {
, ’ . "o
Rz ; : I
o 05 1 15 2 0 05 1 15 2
t Sec tSec

B-10-10. e shall preserit three methods for the design of the full-order state

observer.

. Method 1:. We shall first transform the system equations into the cbservable

canonical form. Define a transformation latrixg by’
8 =(WN*)"

[ *’ A#C*J / _/

[7 :

wWw.it98.ir
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wnere aj 1s a coefficient in the characberistic equation of the orig:lnal state :
, equaticn- : : .
) -S4/ -/
=1 =S +3S+/
sa-al=| 5
= st+q,s+ 4,
"nms
4, =3 , @az=/
and 3' ;
v=l3 ]
| / 2 /
3 / 0/
-1_ * , =
] =Wy "[/ 0][~I l] [/ a]
- and
o /
@ _R=l, _2
(@]

t

Defineanewseatevecbotgby

i "Il'm',thestat'eandoutputequations:bedm\e
- f=0748%
| y=ces |
o L, z /[~ Ale ¢ _le -7
- QQQ-"", 0 IA-2LI,"Z~'/ -3
o - fe 7 . |
cQ -.-_.-[I o] ’ -2 .-:-.[o ':'/] |

n:enevsbateandoutputeqmtionsareintheohservablecanonimfom. Re-
fe:ringtoﬁqmtionho-sl), thesbateobservergainmeuxgecanbegimby-

k Q x‘""!
- Re = & —~A4y
where of 1 andxzamdeterninedfmthedesiredd:ambeﬂsticeqmum.

_213-
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\E itares. | (S~p)(5~p2) = (5+8)(5+5) = s*+/05 +25

=S5 +os+ 0, =0

,=/0, Oy =2§
»m'- _
o (fzs-7] [7
Method 2: Define P
| ' - ke,
- ea|

Then, the characteristic eguation of the cbserver is.

o

st/it+hke, =1
_/.;-k" s+2 .

O [sI-A+kec| =

=S +(H ke, +2)5+/t+ 24p, + fe,

= 5*'-1. LS +25

At ke, + 2 =10, /ei-z-ée, + he; =28
. ' fe: =7, KRes -=./a
s,

[
L[]

ﬁh_g_g__:_ Nm.veshauohbaintheobservergainmatdxxebynseofmr—
uannsformla givmhynquation (10-65):

mnefS]]

. where d(s) is the des:lred characteristic polynomial, or
$6) = (s=ps)(s ) =G+ ﬂ-.r) =Sit/os t2s
214~ '
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BBl B

$a) =A +/A+25L | |

E ;./ / 2 ' } / ' / o __-/7 7

=[/-2] 'H”[/ -:] +2$_[o' 1| |7 s
17 [ 1 o] [o] [r2 7] ¢ o]fe] _[7
..lf":i;,o;/','l"y/o//l‘ /0

The equation forthefuu—order stateobserverisgivenbyﬁquatim(lO—GO)

) x (A- keJx+Ba+Keg
where3=01nthisprobm Hence

. e o ' &5 r-
T X - 1] Jql. XNl 17
o |z ='{[-’ 'ZJ-—[’O][I a']}[z]+[’”]y

o i : |
) ,_"z.] -9 -2||%]- |

This is the equation for the fuu-order state owe_rver.

r

|
TR

it 98 .1

Ww W.

B-10-11. A full-order stateobserverforthegi system is designed by use )
ofm mmmnprogramusedforthedesignofthestateohsermisgim

below.

% *#++%% Design of full-order state observer *++++
A=[0 1 00 0 L;5 6 0 '
Cc=[0 0 0 .

L=F10 -10 -

K===*=(A,CJ-)' ’
WMMnmﬂmlmem

-215-
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- o Equatim(lO—(SO) the full-order state observer is given by

Ee(A~KCI)Z +Butkey

I2] [-35 ;7 ollzl 1ol 35
%|=|-392 o /||%fr|0|4t+|39%|Y
A% [<r2ts -6 ol\%] |/ 128"

B-10-12.  We shall present two methods for obt:ainingthefull-order stateob-
aexvergaiamtrixxe Am‘rmasolutionisalsogim _

Method 1: ReferringboEquatim(lO—Gl), thestatecmse.rvergainmtrixxe -
canbeg:lvenby .-

» d"'qg-r
‘ % ~a;|
mtrixg_isgimby
- =(wa™
vhere
‘ ' / O 0
N"-‘-[E* d*“* é‘llg*] =10 / 0 =£
= _ o 0 [
@2 49, 1
y" ql .,.‘a
/ o0 o

mevaluesofalandazaredeteminedfmthed:aracteristieequationofthe

original systen .
| s - g
IsI-alsfe & -/
‘ ~/2gf . —03958  SHI/EST
= 524 3 ps st 0. 3741 S~/ 208 N
- =82+ q,5*+q.5 + 4,
Hence g

| 26

wWw.it98.ir
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e - —0395°6 - 3¢5 [/
W= 3./x5 / o
4 0 J
'merefore - {=003886 30950 1| 4 o !
a=WN*) '=|suxs 1 o|=|0 ! =315 |
- - -/ 0 0 A =3r¥s 10,2806}

The values ofdj_,'t’(lz,-and o 3 are determined from the desired characteristic .

equation. . _
| (5= 1) (s=pH2) (5 -H3)
= ( srs IS +5HjNZI(5 +10)
= (52+ fos + 100 )(5+/0)
= 53+ 205"+ 200 s +/060
=5? +otySst+ oSty =0
' o, =20, Oa=200 , %3 =(000
- s — A3 /¢ o / fovo 1-/.2:-54'. 1
ke=8lva—acl=l0 1 =3k || 200 +0.395%6
o, — s /=305 1012866 20 —3./8S5
/6. ESS |
=\ 727.387
Sug. 387
_ ket
._A:e‘-'-' kes
kes

memsireddxaracterisbiceqmtionbecanes
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: . WHs o o] o -/ o ‘q |
|sI-A+kCl=||le s e|-| o o / k| [/ o 21|
oW e oo s| |rzex 03956 —-3‘/#5‘ _ke:_ ,

| s+éke - -1 Y
=1 Aex ' S Bt
~12¢8 thkey ~ —0:3756 St+ 3. /78

534 (hey 3 /;s) s*+ (3./;-9(, +k,. —o. 3}.96)3
t (~L2K% +hey T 3185 ke, —0.3956 %e,)

=83+208%+ 2005+ /d0f =0

" es *+ 3./9:3 =20

3155 ke, +KRea —0 3956 = 200

—h2.%¢ + ke, -f-s./sc.rée. - o 3f$~o’£e, =/000 -
o fmvhidxveohbain : ' .

hey = (EFSS , koo =/RT7.387, Res =SPE3P/
" /60 8SS |
' 5}2;_1._33/

Referring to Equat:lon-*(IO,-‘60)‘, the full-order state observer is

§=(4-teg)E+Butley
- [&5] [~wess 7/ o AN soessel
Ngl=|-nwrse2 o 1+ ||%]|+| 2 |4¥|renss7|7
: ff;- "-"9'3 /37 83758 —3.¢5 % r2¢ 4 m::/_"
.MBsei =7 Ammwmmsﬁwmgmm .
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A=J0 1 0,0 0 1;1.244 03956 -3.145}
C=[1 0 Of
L= [5*1‘5‘(3@‘(3)) ‘5-1‘5'(84“(3)) -10};
Ke = acker(A'C
Kem
368550
MI3866
B-10-13.  [ed - -
o zl g /1 X, 0
. = -+ [7A
X, o -a |22 | /
_ | - )]
— » ’ g = [ / 0] x.
, . L2

The desired closed-loop poles for the pole-placement part are -

L S=—=0.7077 Lt 5707/
, and the desired observer pole of the minimm-order observer is at
—_ S —g |
Mfirststeptodesignaobservercmtmlleriltodetemineﬂestatefeedbad:
gain matrix K and the observer gain matrix Ke. By using the MATLAB program given
belwwecandeteminexandxe. o . ‘ _ _

9 8 .

t

Ww W.

% ****¢ Determination of K and Ke #*%4¢ 1

A=[0 10 O}

B=[0; 1};
J=[-0.70714°0.7071 -o1o11-ro10111;

K =acker(A,B,J)

x : -
10000 1.4142

Abb = [0];

| Asb=1;

L=k

Ke = acker(Abb',Asb'L)

* :5 ' 7
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.Forthepre%system;

- or

‘simplifying

e reevvaun gain matrix K and the observer gain matrix Ky are obtained as follows

=[/ r¢s¢2] , Ke=¢

. Next, we obtain the transfer function of the observer cmtrolleg. . Noting
that the minimum-order cobserver equation is given by Equation (10-89), we have

{Allb ”kﬁﬁdb)z + [(Abb Ke Aas)ke +Asa -Ke/‘“]g'f’(fb—'ke B.‘)a

A“ ‘30, ﬁ4b =/, Auzal \A“b=o) Bﬁ-:alv B‘—,—-/

’¢(==/ k%‘= /-973‘2 ’ Ke- =5

By substituting these numericzl values into the mini:mm—order observer equation,
we get
7 -.-_-(p-;x/) 7+ [(o-sx7)5 t+0-5%x0]g + (1-sx2) w0

H-sf 25y +u

Taking the Laplace transform of the last equation, assuming the zero initial -
condition, we have

s'g(,-) =—& Pfs) — 25~ Y(SJ +_U73)

76) = 5,/,5_ [—25‘Y(:)+Wf)] s w

Referring to Equation (10-104) we have
1(=-'k:( =.-——k, [kn“f'KbKe)éf

==/ W22 5 —$.07/ &
Taking the Laplace transfarm of this last equation, we obtain
TC)=—/. 4/%2 5 6) — 827/ Y- @

" Eliminat:lng % (s) £rom Bquations (1) and (2), we bave

Te) = —+ “/¢2 S'+$ [—ZJ‘Y[S)-I-DZ')J $.07/ Y&)

(55D ) = 1. #r82 [-25Y6) + U&Y] ~( m‘) 507/ Y6)
from vhich we geb
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TE)  go7/st S~

S+ 0. 6/95

= g.07/

-Y6) T st E#/¥42
which gives the transfer function of the observer controller.

St E«/¥2
The same - observer

controller equation can be cbtained by use of MATLAB. - See the MATLAB program

" given below.

% **+++* Desion of Observer Controfler #+%+¢

JA=[0 10 O;B=[C1 ==
Asa=0; Asb= 1; Aba=0; Abb=0; Ba=0; Bb=1;
Ka=[1]; Kb=[14142};Ke=5;. -~ -
Ahat = Abb - Ke*Asb;

Bhat = Abat*Ke + Aba - Ke*Ass;

Fhat = Bb - Ke*Ba;

Atilde = Abat - Fhat*Kb;

Btilde = Bhat - Fhat*(Ka + Kb*Ke);
Ctilde = -Kb;

Diilde = -(Ka + Kb*Ke);

[num, den] = ss2ti Atilde, Btilde, ~Ctilde, -Dtilde)

80710 5.0000

den =
1.0000 64142

A block diagram for the designed system is shown below.

r

stag/9s- |4 | 1

g.o07/ >

St+e#/42 - S*

‘Notice that the observer controller. is a lead net:uork.

B-10-14.. | We shall use the MATLAB approach to solve this problem. The first

S ———————— .

given in the next page determines the state feedback gain matrix

Kandtheohservg_rgainnatrix‘lse, meobservertobedes:lgned_:ls a full-order

-221-
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. The state feedbadcgainmatrixxandtheobserver

- as follows:

B=[°;0;11.
_{C=[1 o0 0}
I=[14 -1§ 5%
1 K=acker(A,B,J)
K-
4 1°1
L=[6 6 -6];

Ke=

2
2 .
-2

%“‘"DeﬁmimtionofKndKe‘““
A=[0 1 00 0 1;6 -11 6,

Ke = acker(A'C.Ly

kK=[4 7 7]
’2

Ke=] 25
=72

'l‘he second MATLAB programgiven helowdetemims the transfer function of- the
observer controller. o

% Obtaining transier fmotion of observer couroller — full-order obscrver |

A=[0 1 00 0 ;6 -11 6}
B=[0;0;1},

C={1 0 o}

K=§4 1 1}

Ke = [12,25;-72};

AA =AKe*CBX; .

BB =Ke; :

CC=K;.

DD=0;
M-WAA,BBOC,DDI

Dom =
0 1.0000 119.0000 618.0000

den = ,

10000 19.0000 121.0000 257.0000

-
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'Ihertransfer function of the observer controller is
U6) S + /P +E/8

—Yt) T $3+ 1953+ j2/ 5+ 257

The transfer function of the giv,en system in state. space form is

/

66 =

St s+ //Ss+E

. A block diagram of the designed system is shown below.

s +/7 S+ 678 “«€

/

Py (954 12( 5 +257

SP+Es2+//s+E -

" Notice that the designed system is.of sixth order-.

. B=10-15, | 'me transfer function of the plant is

Yo _ _ s't2st s2
s S?4+ /05 t 245
. The corresponding differential equation ‘is

g-}-/ay-f-zs‘g u+2££+.5‘ﬂtc_

this plant d:lffa:ential equation with the standard third—order differen-

tial equation

we find

Define the state variables as follows
> 4 -’47-—,33 &8
TGa=g-fu
3 "-'3322' ',"ﬂ’—“‘
: _Ieé = by -_-'.0» |
B = 51*41/51=/
-223-
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P2 %I’Z "4/,5/"'41-/9 —o—soxl~0="28
. Bs=bs —Upfa ~d24) —as fo = So+/0
Z =Xt
. 1;: 2’3"’3“ : _ : ‘
" The output equation is |
Hence the state-space representation of the plant is

—w1y trofa

~— - -~

| _ro s o llx] |/
iz =1¢ o /7 Hxgi+1-8 u
59_ _ _J —2¢4 '-*-/o_ | %3] 1é
_ _ 7)j
-y =[/ o 9] A2
A3

System with a full-order observer: .mmwobtainttyestate.feedbadcgainmtrix
ﬁandobsetvergainnatrixgevhentheoheerverisafull-orderone. The MATLAB

4_-[6 1 00 0 1,0 24 -10};
B = [1;-8;106];
C=[1 0 0}

K=
0.50000000000000 -o.oémomsmm -0.03984156570363

L=[-10 -10 -10};

Ko = acker(A'C LY

Ke= R
20
76
-240

224~
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The transfer function of the cbserver controller can be obtained easily with MATLAB.
The MATLAB program given below produces the transfer function of the observer cont-
rollerwlmtheobserverisoffullorder : _

% Obtaining transfer fiinction of observer controfier — fufl-onder observer | -

A=[0 1 0;0 0 1;0 24 -10]; -
B =[1;-8;106];
Cc={[1 0 O
K=[0.5000 -0.09040075 -0.039841566];
Ke = [20;76;-240]:
AA-A—Kc"C—B‘K,
BB =Ke;
oC=K;
DD=0; , :
ﬁumtdmt . .
'[m,dﬂn] WAA.BBOC,DD) '

0 12.6915 163.6626 500.0000

den=
10000 27.0000 218.3085 554.8695

The transfer function of the observer controller‘ obtained is "
VE) | (2835 5S>+ /636626 s + sv0. 0000
-Y& S3+27.0000 s*+ 2/8, 30855 + SSH PL TS

System with a minimm-order observer: We next consider the case where the state - .
‘cbserver is a minimm-order observer. (The state feedback gain matrix K is the -
same as the case of the full-order observer.) 'mefollawingmmapmgramproduces
theobservergainmtrixxevhentreobserveristheminim-orderobserver

%"“‘Dmaﬂmof&ﬁrﬂnmmmmdﬁm“‘“

Abb=[0 1;:24 -10};
Le={-10- -10}
Ke = acker(Abb Asb' LY

100
(24

-225-
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e masunp program shown below produces the transfer function of the observer
controller based on the minimm-—order observer.

% Obtaining transfer fonction of observer controfler — minimum-order observer

A=[0 1 00 0 1;0 24 -10;
B=[1;8;106 :

:Asa=0; Asb=[1 O}; Aba=[0;0]; Abb=[0 1;24 -10];Ba=1;Bb~ [-8,106],
Ka=0.5000; Kb = [-0.09040075 -0.039841566]; Ke={10;-24; -
Abat = Abb - Ke¥Asb; '
‘Bhat = Abat*Ke + Aba - Ke*Aza;

Fhat = Bb - Ke*Ba;

Atilde = Ahat - Fhat*Kb; -

‘Btilde = Bhat - Fhat‘(Kn-i—Kb"Ke);

Dﬁlde=-(Ka+Kb'Ke,);

fum,den] = ss2tf{Atilde, Btilde, -Ctilde, -Dtildc)

amm =

05522 12.6915 50,0000

den =
1.0000 164478 52.7260

MM M

The t:ransfet function of the observer controller obtained is

"~ 8

Us) _  0.5522s*+ /2. £9/5-5 +50.0000 .
-Y) S [6-$%78 5 + $2:. 7260
Unit-step response: -The closed-loop transfer function when the observer is of
full order is

Yo__ _1% Jm\s ¥+ /8P OKSE S St )48/ 900255 7/4’3./3: + 25000
RG6) - TSV E s S25 S+ FEOSSE+ J2250.5 + 225905 + 25720
The closed-loop transfer function when the observer is the minimm-order -observer

is given by ;
‘ YE) 0-£5%+ /3.8 S>3+ J03s*+ 7245 + 2800
L RG) T st + 27s%+ 25553+ f0255*+ 2000 5 + 2500

'Ihetmit-stepresponsecurvesforbothcasesareshowninthenelcbpage Notice.

_ thattheunib—sbepresponsemrvesforbothsystensarealmstidentical

sonofhandwidthsofboth : Bode diagrams of both systems are '

shovn:lnthenextpage._ The bandwidths are almost the same for both systems.
The bandwidth forthesystenuththefm-orderohserverisZAWI rad/sec. 'me

" bandwidth for the system with the minimum-order observer is. 2.4201 rad/sec
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1-‘ ™ ~ e Y T T ¥

(@)} .
- 20
—_ 10}-
é 4: T~ | Fetodege
= § = N
} g 0
o A Minkmumidrder obberver LT |
400 A\ | At
_ N /
-150 — - \ - /‘ﬁ
m . ° . .
0 . . 10'
Froquency gudibe)

mmprogranfoobtamthehandwidthsofbomsystasisshmonthémt‘
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%"‘“Compmmofbmdwxdﬂns“‘" '

puml =[12.6915 189.0456 1461.9002 9183.13 250001,
- denl=[1 37 525 3575 12250 22500 25000} -
| mm2=[06 138 103 734 2500};

‘den2=[1 27 255 1025 2000 2500}
bm%uﬁmnmd-b«kﬂmdemet
n=
while 20*log(mag(n)) >=-3;

n=ntl;

B-10-16, The tramsfer function of the plant is .

Y(s) 4 |
: - T&  s(s+/)
‘The correSponding'différentialjamxuﬂnn is
' - '51’7. = 4
Define the state variables by .
- z',=z
x, = 5

Then the state space reptesentatian of'the piant ‘becomes as follows:

[;].-.[j Sl v
y=1s 01[ ]

- Now we dbtain the transfer function of the cbserver controller'viﬁhlﬂumaa The
. MATLAB program given on the next page produces the desired observer controller.
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] % ****¢ QObtaining the transfir finction of observer controller **+**

A=[0 1,0 -1}
B=[G1; =
I=[-24j*2 -24%2};
L=[-8 -8];
K = acker(A,B,J)
K=
1 & 3
Ke = acker(A',C,L)
om
15 .
49
AA-A-K:‘G-B‘K,
BB =Ke; .
CC=K;
DD=0;
[mn.dm] ssMAA.BB,OC.DD)

0 267.0000 512.0000

den=

1 19 117

_The obeerver controller cobtained with MATIAB is
o L 267s5+37/2
k) = S2+ /95 +/77

Blod:diagramforSystas(a)and(b)cannowberedrawnasstminﬂenexh
. page.- Insysten(b),wedebeminestothatthesteady-sbateouq:uttothe

unit—step input is unity.
" The closed~loop transfer function Y(s)/R(s) for System (a) is -
Y6) _ : 2675 +8/2 . |
RE)  sP+ 20534736 S 43845 +S7/2
The closed-loop transfer function Y(s)/R(s) for System (b) is
Ys) | %328/ 5%+ 8I./9595 + /2
Rs)  St+Ros® +/36s™+ 38451572
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'2{75-{-5‘/2 /
s r o .
SE2+ /P17 s(s+/)
(a)
1372 e : '
.,..___,. ——— —p] o e
77 i -} sts+7) .

2675+ $7/2

2+ /9s+1/7 .
(b) Z

tlntproducedthesemit«step‘responseamvesisgivenopthe‘mﬁpage. . .

iy Unkt-Step Reeponss Cuives "~
Lo d ’ L] L] E L] L] @

‘ (o)

124 ® . _ - _
n _

”- - i -

§ : Syvtem &)
el -

02 -
° 0s 1 15 2 25 3 s 4 s 5
tesc
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96 ***** Unit-step response curves ¥+

soml= [267 512];
denl =1 20 136 384 512};
mum?2 = [4.3761 83.1459 512);
den2=[1 20 136 384 512},
t=0:0.01:5; )
y1 = step(aum1,den,f;
¥2 = step(mum?2,den2.£);

B"‘" 0—1 70

flbdeteminetheparameterainmtrixé,,wefirstdeteminematri;t

P from :
- ATP+ PA =~T
~ wA m WA WA -
. | | | |
o | 0 0 -~/ ||Pv P P> Pu P Py o 0 /700
~ /7 0 =2 1Pu Pua pu3| b b pallo o i|==|o 10
— - o ! -4 Frr Fas Pn P13 Pus pPall-l -2 —4 0o/
i The result is T N
[ 4 - 2a®
S Aty ~/ 22" +3 e
2(za~-1) 2(2a~/) 2 ,
p = | _28%+3 al+al+a+y7  at+at/
- 220~/ 2(2a~1) = 2(z2a-/)
e ar+a+/ a+3
2 2 (2a~]) 2(2a~1) _

Then we can obtain the optimal value of the parameter a that minimizes the - -

<y
0

5@.—.4
' o

. theperfonﬁnoeixid&.‘!canbiadaplifiedto
T=x"0)F xt9 = p, ¢.*
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. we obtain
= C
| J “q -2 / 4
To ‘minimize J, ve determine a from di/da = 0, or
4a* — gq ~4
(¢a-2)*

:-.p'

from which we get ) )
a =/‘323 2 - -.a'rzg

Since a is specified to be positive, ve discard the negative valuve of a. ‘ﬂms,

we choose a = 1.823. Notmgthata-lazasatisfiesthecmditionforthe ..

minimm (dZJ/aa > 0), the optiml value of a is 1.823.

B~10-18.

C‘(.rg - 25K

R() ~ S +pss+o.5+2.5K
" From this closed-loop transfer fmccion. we obtain -

2;4/” = /- "?. ':0.“5 +2ofK
simegisgiveua-sOS.weobtam ' ' '

=4S .—.—Jo..s‘-ﬂ.;&
from which ve get K = 0.7, &y, = 1.5. Then we obtain
ck) _ /75

R(S) st S5+ 2, 25
E(s)/R(s) can then be obtained as :

EB) : RO)~C6) _ _S*+/.5s+0.5
RG) R6) SEHASS +2.25

8 +/.re + ZZS‘C = )‘+/$‘T+ o,sr

sincer-Omth:lsproblen,wehave
€ +/.5€ +2.28€ =0

Define e; = e, e2 = e. Then we have
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e, o / |]e
N ‘ e, T -z225  —ts||e,
| 0 s . o
Temar = [“ewma ewar
. o :
“where ,0_ | ' ’
N ' / 0
e = ) ) Q‘—‘-
w ) 1o o
Ietussolyeé‘TP-i-PAr-'-QforP. Usingthispwepbtain
. J= 5 e )t = e7(o) e
Nohe that for a general.case of :
: NI
. _\M _".2. _,_z;wn
Ioe) ) ) b
o we have -
- B / £ -
. + -
— = | A3¥wn @, 207
| 4 (. s
= ' RwE a3 en
> ) : L
= Thus, we obtain :
| 1(0) 1/
S e’ﬂ')di' [ e,(') et(‘)] P[ J [7 21p
(] tl) “lo
R A |
—.P/I - grw” + &n

. By substituting ¥ = 0.5 and &y, = 1.5 into this last equation, we obtain

5~e.Yt)V#=

© B-10-19."
fore, t,he petforuance index J becomes

J=S (Z7x +uDdt = L

'l‘heoptiualeantrolsignaluﬂulnveﬂnefomua—xx 'mere—

f.f’(ItKTk).zfﬂ"-“
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—— I in this problem, Equation (10-115) becomes
(A~BK)TP+ P (A-8K) =—(I+ KTK)
and Equation (10-117) becomes
-IBTP = BTP
7 where P is determined fram the reduced matrix Riccati equatim.
AP+ PA —~ - PBBTP tI=0 |

b M3 A L

Solving for P. requiring that it be positive definite. we obtain
p=|% /
D P
The optimal feedback gain matrix K becomes
o /

§ 2 | >
kK=8F =10 A =L /]

Thus,  the optimal control signal u is given by

WAy - .

"M A M

]

B—10—20_, We first .solve the reduced matrix Riccati equation:
' A*P +7A I’.B/?"B*P'fé? o

Nobingtlatmtrixaisrealandmtrixqisrealsymnetric.mtrixPisareél
symmetric matrix. ~Hence the reduced matrix Riccati equation can be written as

2 o2 P, [P Ao 7
! O\ po] [P Pallo 2 ' ,
o FPirz P2z} I_ - LPR Pea | o M o 0
_.This last equation can be simplified-to - |

»_[0 o“.,. o pyl_ PI;-' , flz/’zi‘l;'_ / o 0"‘0
- Pu prz) |2 pr Prpzz s © u o o

from vhich we obtain the following three equations:
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_Solving -these three simultaneous equatn'ms for pyj, p12, and p22. requiring P
'bo be positive definite, we get .
P = Po Prz| _|Jpmt2 /

#rz Fazl / 4/444-2.

'meOptimalfeedhadcgainnatrixKisobtainedas
K= A’“’B* —[1][o /][/,” Pﬁ-]

oy

™ 1. Pzz
= [ﬁz kzz] = [/ \//4‘!'2]
Thus, the optihal control signal is.

&(:—-—ﬁﬁ = '--X,--,//u-l-z 7>

B-10-21. A MA'JIAB program to solve the g1ven quadratic opl:iml contro:l. pto—
blem is shown below. - .

% ssans dem opm‘ m tnsas

=0 1 0 0:20.601 0000001-049050001. '

[01‘1 005]:

=[100 0000 1 00;00 100 00 1;
n=1

lqr(A,B.Q,R)

K==
-54.0554 -11.8079 -1 m -2.7965

The state-feedbad: gain matrix is obtained as follows:
= [-stosse —w&075 - tooes -2, 7;5:]

Nmi:b.weshauobtaintherespmsetothegiveninitialcmditim. We sub-
stitute -

" into the original state-space equation and obtain the following equation:
x=dz+Eu=dzx- Bkx =(f-8z
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———— orogram given below produces the response to the given initial condition.

Note that A

represented
page. -

- B*K is vritten as AA and the initial condition [0.1; 0; O; 0] is
by BB. The resulting response curves are shown below and on the next

% ***** Response to initial condition ***** ]

AA = A - B*K; )

BB = [0.1; 0;0;0l; : _
[x.z,t] = step(AA,BB,AA, BB);

x1 =1 0 O 0)*x'; T
x2=00 1 0 H
x3=[0 O 1 O]*x’; -
'x4=1{0 0 O

plot{t,x1)

grid

title(’'Response of x1, Theta")
xiabel{'t Sec’) T

yiabel{'x1 = Theta') .-

plot{t,x2) :
title{’'Response of x2, Theta dot‘)
xlabel{’t Sec’) -
viabel{"x2 = Theta dot‘)

: pl’g}(t.xm
g .
title(’Response of x3, Displacement of Cart')
xlabel{’t gec') ’ o 1
viabel{’x3 = Displacement of Cart’)
plot{t,x4) ' :
grid ' )
title(’Response of x4, Velocity of Cart')

xlabel('t Sec’) '
yiabel(’x4 = Velocity of Cart’)

Resporise of x1, Thels
. a1
Em
% o .

W \//.'
-'”:01234501.00
1Sec
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Resporws of )2, Thels dot

\_:’ u.num.itgﬁﬂll'

dot

32 = Theta

1 2 3 4 [ [ ] 7 ]
18ec

It 9 8
=2 = Dispiscement of Cart
g £
| ‘
P
>
——Jﬂ_

=
=
= D S TR T S T S s
tSec
Respones of x4, Veloclly of Cast
N
&
T
i AT
- 4\—!‘/
Bt 2 3 4 s 6 7 &
: : 1Sec
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